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Abstract. For a proper smooth variety of even dimension over a field of char- 
acteristic different from 2 or ^, the second Stiefel- Whitney class of the ^-adic co- 
homology and the second Hasse-Witt class of the de Rham cohoniology are both 
defined in the second Galois cohomology. We state a conjecture on their relation 
and give several evidences. 

The cohomology of middle degree of a proper smooth variety of even dimen- 
sion carries a non-degenerate symmetric bilinear form. This defines various Stiefel- 
Whitney classes depending on the cohomology theory we consider. The second 
Stiefel- Whitney class of £-adic cohomology allows us to deduce that the L-function 
has the positive sign in the functional equation, from a reasonable hypothesis [16] . 
For the de Rham cohomology, we also call the Stiefel- Whitney class the Hasse-Witt 
class since it is defined by a quadratic form. 

In this paper, we propose a conjecture Conjecture 12.31 comparing the Stiefel- 
Whitney classes of £-adic cohomology and of de Rham cohomology and prove several 
evidences. In the case where the variety is of dimension 0, it amounts to a formula of 
Serre on the Hasse-Witt invariant of the trace form for a finite separable extension 
^19j . Conjecture 12.31 may also be regarded as a version in degree 2 of the formula for 
the determinant of cohomology proved in [15]. 

We state the main Conjecture 12.31 in Section [2] after some preliminaries on the 
Stiefel- Whitney classes of orthogonal Galois representations and of quadratic vector 
spaces in Section [T] We give an apparently simpler reformulation in Corollary 12.111 
by using a graded variant. 

As evidences for Conjecture 12.31 we prove the following cases in Theorem 12.51 
under some additional conditions: 1. The base field is a finite extension of Qp for 
p 7^ £ and the variety has a certain mild degeneration. 2. The base field is a finite 
unramified extension of and the variety has a good reduction. 3. The base field 
is M. 4. The base field is an extension of Q. 5. The base field is arbitrary and the 
variety is a smooth hypersurface in a projective space. 

Curiously, Theorem 12.51 implies that the second Stiefel- Whitney class of £-adic 
cohomology in fact may depend on as in Example 12. 6^ contrary to the first Stiefel- 
Whitney class which is independent of £ as a consequence of the Weil conjecture (see 
Lemma 12. ip . 

We formulate a generalization Conjecture 17.21 of Conjecture 12.31 for families in 
Section [7] after introducing the Stiefel- Whitney classes for symmetric complexes in 
Section ini A similar construction is studied by Balmer in [2]. Contrary to there, 
we are more interested in the invariants of individual complexes rather than the 
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invariants of the categories. The author learned from |5] that a similar construction 
is also studied in |22j- The rest of the article is devoted to the proof of Theorem 12.51 

In Section [31 we prove the assertion 1 of Theorem 12.51 using nearby cycles and the 
sheaves of differential forms with logarithmic poles. We observe in Lemma 13.71 that 
the mysterious appearance of the term involving 2 in Serre's formula arises from the 
multiplicity of the exceptional divisor of the blow-up at an ordinary double point. 
We verify that the assertion 2 is essentially proved in [16] in Section HI In Section [5l 
we prove the assertion 3 using Hodge structures. We prove the assertion 4 by partly 
proving the generalization Conjecture 17.21 for families by a transcendental argument 
in Section |H1 In Section [HI using the universal family of hyper surf aces, we prove the 
assertion 5 by a global arithmetic argument. In the proof of 5., we combine all the 
results obtained in the other parts of the article. 

The author thanks Paul Balmer for discussion on symmetric complexes. The 
author also thanks Asher Auel for his interest which encouraged him to complete 
the article. The author thanks Luc Illusie for informing an unpublished preprint 

m- 

The research is partly supported by Grants-in-aid for Scientific Research S-19104001. 

1. Stiefel- Whitney classes and Hasse-Witt classes 

We recall some basic definitions to formulate a conjecture. In order to distinguish 
the Stiefel- Whitney classes of orthogonal representations from those of quadratic 
forms, we will write sw for the former and hw for the latter. We call the latter the 
Hasse-Witt class. 

Let TT be a group and L be a field of characteristic 0. An orthogonal L-representation 
of TT is a triple (V, b, p) consisting of an L-vector space V of finite dimension, a 
non-degenerate symmetric bilinear form h : V ® V L and a representation 
p : TT — 7- 0{y,h) to the orthogonal group 0(V,6). If tt is a profinite group, we 
assume that L is a finite extension of the £-adic field and that p is continuous. 

Let V be an orthogonal representation of tt. The first Stiefel- Whitney class 
swiiy) G if^(7r,Z/2Z) is the determinant detp: vr — )■ {±1} C regarded as 
an element of if^(7r, Z/2Z) = ifom(7r, {±1}). The second Stiefel- Whitney class 
sw2{y) G iy^(7r,Z/2Z) is defined as follows. Let 

(LO.l) 1 y Z/2Z y b{V) y 0{V) > 1 

be the central extension of the algebraic group 0(V) = 0(y, h) by Z/2Z defined by 
using the Clifford algebra Cl(V^) as in [9],[71[T6]. The canonical map O(V^) — > OiV) 
sends x G OiV) C Cl(\^) to the automorphism v i— )■ I{x)vx~^ where / denotes the 
automorphism of the Clifford algebra defined by the multiplication by —1 on the 
odd part. By pulling back the central extension fll.O.ip by p, we obtain a central 
extension of vr by Z/2Z. The Stiefel- Whitney class sw2{y) G H'^{7f, Z/2Z) is defined 
as the class of this central extension pi, Chap. XIV Theorem 4.2]. 

For the orthogonal sum of orthogonal representations, we have swi{V © V) = 
swi{V) + swi{V') and SW2{V © V) = SW2(V) + swi{V)swi{V') + SW2{V'). If we 
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introduce the notation swiV) = 1 + swi{V) + SW2{V), the equahties are rewritten 
as sw{V © V) = sw{V) ■ sw{V') [HI Lemma 2.1]. 

If an orthogonal representation V of tt admits a direct sum decomposition V = 
W © W by vr-stable and isotropic subspaces, the Stiefel- Whitney classes are com- 
puted as follows. For a character vr — )■ , we define ci(x) G iJ^(7r,Z/2Z) to be 
the class of the pull-back by x of the central extension 

(1-0.2) 1 y Z/2Z y G„ G„ y 1. 

For a finite dimensional L-representation V of tt, we put Ci{V) = Ci(det V^). 

Lemma 1.1. Let W be an L -vector space of finite dimension and we define a sym- 
metric non-degenerate bilinear form on the direct sum V = W (B with the dual 
by the canonical pairing. We regard GL{W) as a subgroup of OiV) by g ^ g®g^^^ ■ 
Then, the pull-back of flLO.ll) by the inclusion GL{W) — > OiV) is isomorphic to the 
pull-back of (fTX2|) by det: GL{W) G„. 

Proof. Since the algebraic group SL(W) is connected and simply connected, the 
pull-back of (11. 0.11) by the inclusion GL{W) — )■ 0{V) is isomorphic to the pull- 
back of a central extension of Gm by det: GL{W) — )■ Gm- We define a section 
Gm GL{W) by taking a line in W. Then, it is reduced to the case where is a 
line. 

We assume dimW^ = 1 and identify GL{W) = Gm- Let e E W he a. basis and 
/ G be the linear form defined by /(e) = 1/2. Then, the map O(^) 
defined by a h- )■ a+(l/a— a)/-e is a group homomorphism since f-e is an idempotent. 
Further, it makes the diagram 

G^ Gm= GL{W) 

6{V) y 0{V) 

commutative since e ■ e = and f ■ e ■ f = f. Hence the assertion follows. □ 

Corollary 1.2. Let V be an orthogonal L -representation of tc and V = W (B W be 
a decomposition by n-stable isotropic subspaces. Then, we have sw2{V) = ci{W) in 
H^{7T,Z/2Z). 

Proof. By the assumption, we may identify W with the dual space of W. Then, it 
follows from Lemma [1.11 □ 

We compute the Stiefel- Whitney class of the twist by a character of order 2. We 
prepare lemmas on central extensions. 

Lemma 1.3. Let n > 1 be an integer. Let 1 — )■ Z/nZ G ^ G ^ 1 and 1 — > 

Z/nZ — 7- G" — 7- G" — 7- 1 be central extensions and G — t- Z/nZ and x' '■ G' — )■ Z/nZ 
be characters. We define a new group structure on the quotient 

(1.3.1) E = {Gx G')/Ker(+: Z/nZ © Z/nZ ^ Z/nZ) 
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by {g,g') ■ {h, h') = {x{h) ■ x'ig')){gh, g'h') where ■ in the right hand side denotes the 
multiplication of the ring Z/nZ. 

Then the class [E] G H^{G x G",Z/nZ) of the central extension 1 — )• Z/nZ — 
G X G" 1 IS equal to the sum pr*[G] + pr2[G'] + prjx U pigx'- 

Proof. Let U{'L/n'L) C GL'i{'L/n'L) be the subgroup consisting of unipotent upper 
triangular matrices. If we put G = G' = Jjjn'L^G = G' = Z/nZ © 'L/n'L and 
X = x' = id, then U {'L/n'L) is obtained as E defined in (11.3. ip . It is a central 
extension of L/nL x L/uL by L/uL and its class in H'^iLjnL x L/nL^L/nL) is 
pri Upr2. 

The class of the central extension Eq with the same underlying set as E and with 
the group structure without modification is equal to the sum pr^ [G] + pr2 [G'] . Since 
E is obtained by modifying Eq by the pull-back of U{L/nL) by x x x'^ the assertion 
follows. □ 

Lemma 1.4. Let h he a non- degenerate symmetric bilinear form on an L-vector 
space V of finite dimension n > 1. 

1. Let 1 — )■ /i2 — > A — > /U2 — ^ 1 be the central extension defined as the pull-back of 
OTT]) by the inclusion ^2 ^ 0{V). Then, the class [A] e H^{n2,L/2L) ~ Z/2Z is 

2. We apply the construction (11.3.11) to the central extensions 1 — )■ /i2 — ?■ A — ?■ 
/i2 — 7- 1 and 1 — 7- /i2 — 7- 0{V) — ?► 0{V) — ?■ 1 and the characters id"""*^ : yU2 1^2 CL'^d 
det: 0(y) — )■ /i2 to define a central extension E of 0(y) x ^2 by fi2- Then, the 
inclusions induce a morphism E — )■ 0{V) of groups. 

Proof. After extending L if necessary, we take an orthonormal basis Xi, . . . ,Xn of V. 

1. Since the subgroup A is generated by Xi ■ ■ - x^ and —1, the assertion follows 
from (xi ■ ■ -Xn)^ = (— 1)(2). 

2. For X G V, we have an equality the Clifford 
algebra C1(V"). Since the algebraic group 0(V") is generated by fl O(V^) C Cl(V^), 
the assertion follows. □ 

Corollary 1.5. Let p: ir ^ 0{V) be an orthogonal representation of degree n 
and x: vr — > /i2 &e a character of order 2. We regard det p and x o,s elements 
in if ^(tt, Z/2Z). Then, we have 

(1.5.1) sw2{p^x) = sw2{p) + (n- l)detpUx + Q-^^-^ 

m H'^{'n,L/2L) and det{p ® x) = det p + nx m H\n,L/2L). 

Proof. By Lemma [T7il 2. the Stiefel- Whitney class sw2{p®x) is the class of the central 
extension defined as the pull-back of E in Lemma [1.41 2 by p x x^ tt — )■ O(V^) x p2- 
Hence the equation (11.5.11) follows from Lemmas 11.31 and ll.4[ l. The assertion for 
det is clear. □ 
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We generalize the definitions to graded case. Let V* = 0^^^ V'^ be a graded L- 
representation. For each integer g G Z, we assume is a finite dimensional L- vector 
space equipped with a continuous representation of vr and = except for finitely 
many q. We assume that is an orthogonal representation and that, for each q > 0, 
V'^(BV~'^ is equipped with a vr-invariant (—1) ^-symmetric non-degenerate form such 
that y and are totally isotropic. Then, we define swi{V') G i/^(7r,Z/2Z) to 
be det{V°) and SW2{V) G H\'k,Z/2Z) by 

(1.5.2) SW2{V) = sw72(V°) + J2 

ij<0 

The definition is equivalent to the equality 

1 + sw,{V) + SW2{V') = (1 + det + SW2{V'')) ■ J](l + Ci(V^'))(-^)' 

q<0 

ml + H\tt,Z/2Z) + H^{tt,Z/2Z). 

If i^T is a field and vr is the absolute Galois group Gk = Ga\{K/K), the Stiefel- 
Whitney classes sWi{V) are defined in the Galois cohomology H^{K, Z/2Z) = W[Gki ^/ 
for i = 1,2. If the characteristic of K is not 2, we identify H^[K, Z/2Z) with 
ir^/(ir^)2. For a G JsT^, let {a] G H\K, Z/2Z) denote its class. For a,a' G K"", 
let {a,a'} G H'^{K, Z/2Z) denote the cup-product {a} U {a'}. 

Lemma 1.6. 1. Let i be a prime number and xe- vri(Spec Z[i])'^'^ — )■ be the 
i-adic cyclotomic character of the abelianized algebraic fundamental group. Then, 
Ci = ci{xi) is the generator of the cyclic group H^{ni{Spec Z[i])^^, Z/2Z) of order 
2. 

2. Let K be afield of characteristic ^ 2 andx'- Gk — >■ {±1} C L^ be a character. 
Then, we have Ci(x) = X U 

Proof. 1. Since x^ defines an isomorphism 7ri(Spec Z[j])^^ — > Z^, the profinite 
group 7ri(Spec Z[i])'''^ is isomorphic to the product of Zi with a cyclic group G of 
even order. Hence, if^(7ri(Spec Z[i])^'', Z/2Z) is of order 2 and is generated by the 
pull-back of the class of the unique central extension of G by Z/2Z. 

2. Since ci(id),id U id G if^(Z/2Z, Z/2Z) are the unique non-trivial element, we 
have Ci(id) = id U id. Hence, we obtain Ci(x) = X U X- Since {a, a} = {a, —1} for 
a & corresponding to x ^ H^{K, ,Z/2Z), the assertion follows. □ 

For a field K of characteristic different from i, let 

(1.6.1) Q = ci(x^) eff'(K,Z/2Z) 

also denote the pull-back by the canonical map Gk 7ri(Spec Z[|])^*'. If K = Q, 
then Q G i/^(Q, Z/2Z) is the unique element ramifying exactly at i and oo. We 
have C2 = { — 1, —1} for example. If K is of positive characteristic, we have q = 0. 

Let be a field of characteristic different from 2. We call a pair {D, b) of a 
i^- vector space D of finite dimension and a non-degenerate symmetric bilinear form 
b : D ®K D ^ K a. quadratic i^-vector space. The first and the second Hasse- 
Witt classes hwi{D, b) G H^{K, Z/2Z) and hw2{D, b) G H'^{K, Z/2Z) are defined as 
follows [13]. Let xi, . . . , be an orthogonal basis of D and put = b{xi, Xi). The 
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discriminant of D is defined by disc D — HLi ^ /K^"^. We define the classes 

by 

r 

hwi{D) = {disc D} = and hw2{D) = {ai,aj}. 

i=l l<i<;;<r 

Tfiey are independent of tfie choice of an orthogonal basis. 

For the orthogonal sum of quadratic vector spaces, we have hwi{D © D') ~ 
hwi{D) + hwi{D') and hw2{D © D') = hw2{D) + hwi{D)hwi{D') + hw2{D'). If we 
introduce the notation hw{D) = 1 + hwi{D) + hw2{D), the equalities are rewritten 
as hw{D © D') = hw{D) ■ hw{D'). 

Lemma 1.7. Let {D,b) be a quadratic K-vector space. 

1. Let D~ be a totally isotropic subspace of dimension r. Then the restriction of 
b to — {D~)^ induces a non- degenerate symmetric bilinear form 6° on — 
/D~ and we have 



/iwsp) = /iW2 + r{-l, disc ^ } + )^~^'~^^- 
2. For a e , we have 

hw{D, a • 6) = 1+ dim D ■ {a} + f ^ ] ■ {a, a} 



2 

+ disc D+ {diuiD - l){a,disc D} + hw2{D,b). 

Proof. 1. The quadratic space D is isomorphic to the orthogonal direct sum of 
with r-copies of the hyperbolic plane. Hence we have hw{D) = hw{D^){l + {—1})''. 
2. Clear from the definition. □ 

We generalize the definitions to graded case. Let D* = D'^ be a graded 

i^T-vector space. For each integer g G Z, we assume D*^ is a finite dimensional 

vector space and D'^ — except for finitely many q. We assume that is 
a quadratic vector space and that, for each q > 0, Q) D~'^ is equipped with a 
(—1) "^-symmetric non-degenerate form such that and D~'^ are totally isotropic. 
We put r = ^g<o(-l)«dimL)''. Then, we define hwi{D') e H\K, Z/2Z) and 
hw2{D') e H^{K, Z/2Z) by 

(1.7.1) hwi{D') = disc (D^) + r • {-1} 

(1.7.2) hw2iD') = hw2{D'') + r ■ {-1, disc D} + Q • {-1, -1}. 
The definition is equivalent to the equality 

1 + hWi{D') + hW2iD') = (1 + hWi{D'>) + hW2{D'>)) ■ J](l + {_l})(-l)^dimD« 

q<0 

in 1 + H\K, Z/2Z) + H'^{K, Z/2Z). 
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2. Conjecture 

To formulate the conjecture, we prove a preliminary result on the determinant of 
£-adic cohomology. 

Lemma 2.1. Let S be a connected normal scheme, f : X S he a proper smooth 
morphism and q > be an integer. For a prime number i invertible on S , let 
Xi '■ iTi^S)^^ denote the i-adic cyclotomic character. 

1. ([211 Corollary 2.2.3]) The rankb^t,q of the smooth Qi-sheaf f^^Qe is indepen- 
dent of i invertible on S. If q is odd, then the Betti number bet,q is even. 

2. ([ni Corollary 3.3.5]) The character Cg : ni{S)^^ -> Q^"" defined by 

(2.1.1) eg = deti?V*Q£-xf""^' 

is independent of i invertible on S and takes values in {±1}. Further if q is odd, 
the character Cg is trivial. 

Proof. 1. By a standard limit argument, we may assume S is of finite type over Z. 
Then, it follows from the proper base change theorem, the Weil conjecture and [211 
Corollary 2.2.3]. 

2. First, we consider the case where S = Spec k for a finite field k. Then by 
the Weil conjecture proved by Deligne, det(Frfc: if'^(Xg,Q£)) is a rational integer 
independent of i and is of absolute value qbet,q/2-th power of Card k. Hence we 
have det(Frfc: if9(Xfc,Q^)) = ±(Card k^^'^'-^/K Further by [21, Corollary 3.3.5]), 
the sign is positive if q is odd. Thus the assertion follows in this case. 

We prove the general case. By replacing S" by a dense open, we may assume S 
is affine. By a standard limit argument, we may assume S is of finite type over 
Z. By the Chebotarev density theorem [THl Theorem 7], f2U[ Theorem 9.11], the 
reciprocity map 0^^^^ Z tci^S)^^ has dense image, where Sq denotes the set of 
closed points in S. Since it is proved for the spectrum of a finite field, it follows 
that the character det W^f^Qi is independent of i and its square is equal to Xe 
Further if q is odd, the character det R'^f^Qe itself is equal to Xe □ 

Let X be a proper smooth scheme of even dimension n over a field K. Let i be 
a prime number different from the characteristic of K. The cup-product defines a 
non-degenerate symmetric bilinear form on V = H"'{Xj^,Q£){^). We consider V 
as an orthogonal representation of the absolute Galois group Gk = Gal{K/K) and 
define 

(2.2.1) sw2{H^{X)) e H\K, Z/2Z) 

to be its second Stiefel- Whitney class. 

Assume the characteristic of K is not 2. The cup-product defines a non-degenerate 
symmetric bilinear form also on D = H^j^{X/K). We consider D as a quadratic 
i^'-vector space and define 

(2.2.2) hw2{H^R{X)) e H'^{K,Z/2Z) 
to be its second Hasse-Witt class. We also put 

(2.2.3) dx = disc H^f^^X/K) = hwi^H^f^^X)) G H\K, Z/2Z). 
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To state a conjecture on the relation between sw2{H"{X)) and hw2{H2ji{X)) , we 
introduce auxiliary invariants. For an integer q, we put 

(2.2.4) ht,q = dimH'^{XK,Qi) and b,R^, = dim Hl^{X / K) . 

If K is of characteristic 0, we have bet,q = bdR,q and we simply write them bq. 

Conjecture 2.3. Let X be a proper and smooth scheme of even dimension n over 
a field K of characteristic ^ 2,i. For an integer q > 0, we regard the character 
Cg-.GK^ {±1} fl2XTD as an element of Hom{GK, {±1}) = H\K, Z/2Z) and put 

(2.3.1) r = J](-l)^6,^,„ V = (i - ^) ^(^' ^x/k)- 

q<n q<^ 

If the characteristic of K is 0, we further define 

(2.3.2) P = \Y.^-mn-q)bq. 

q<n 

Then we have an equality 
(2.3.3) 



sw2{H'l{X)) + {e,~l} + l3-c, 
hw2{H-^{X)) 



+ 



r{rfx,-l} + ( 1 z/n = 0mod4, 



r 



W - l){dx. -1} + ^2''''") "^^ ^/^ = 2 mod 4 
+ {2,dx} + r?- (Q-C2) 
m Z/2Z). 

An apparently simpler reformulation of the conjecture will be given at Corollary 
12.111 A generalization for a family is stated in Conjecture 17.21 after defining the 
Stiefel- Whitney class for a symmetric perfect complex in Section [61 

Remark 2.4. Let X he a projective smooth scheme of even dimension n over a 
field K of characteristic 7^ 2, l. We regard the character e„ : Gk {=tl} defined by 
e„(or) = det(a : i^"(X;^, Q^)(f )) as an element m H\K,Z/ 2Z) = Hom{GK, {±1}) ■ 
Then the equality 



(2.4.1) en = {dx} + 



r ■ { — 1} z/n = 0mod4, 

{r + bdR,n) ■ {-1} ifn = 2 mod 4 



in H^{K, Z/2Z) is proved in [TSl Theorem 2]. Conjecture 12.31 is a degree 2 version 
of the equality (12.4. ip . 

In this paper, we prove the following evidence for Conjecture 12.31 
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Theorem 2.5. Let X be a proper and smooth scheme of even dimension n over a 
field K of characteristic ^ 2,£. Conjecture \2.'i\ is true in the following cases. 

1. K is a finite extension ofQp, p ^2,i and there exists a projective regular flat 
model Xoji over the integer ring Ok such that the closed fiber has at most ordinary 
double points as singularities. 

2. K is a finite extension of Qp, p = ^ > n + 1 and there exists a proper smooth 
model Xoji over the integer ring Ok- 

3. = M and X is projective. 

4. K^Q. 

5. X is a smooth hypersurface in F^-^ and I > n + 1. 

Theorem 12.51 implies that the Stiefel- Whitney class sw2{H^{X)) may depend on 

e. 

Example 2.6. Let p be a prime and X be a proper smooth variety of even dimen- 
sion n over K = Qp with good reduction. Then for any prime i ^ p, we have 
sw2{H'l{X)) = hw2{H2R{X)) = andd,ee H^{Qp,Z/2Z) are unramified. Further 
if p > 3 and A is an abelian surface, Theorem 12.51 2 implies sw2{Hp{A)) = Cp ^ 
since /3 = |(2 — 4) = 1 mod 2 and rj = 0. 

Similarly, for an abelian surface A over R, we have 

sw2{Hj{A))^hw2{HUA))=Q. 

If n = 0, the assertion 5 in Theorem 12.51 is nothing but the following theorem of 
Serre since e = 1 and r, /3, = in this case. The proof of the assertion 5 gives a 
new proof of the formula of Serre. 

Theorem 2.7 ([19, Theorem 1]). Let K be a field of characteristic ^ 2 and L be a 
finite separable extension of K. We consider V = Q^^^KiL,K) orthogonal rep- 

resentation of Gk and D = L as a quadratic K -vector space with a non- degenerate 
symmetric bilinear form {x,y) TiL/Kixy) . Let d^/K G H^{K, Z/2Z) be the dis- 
criminant of D = L. Then we have 

si/;2(Q^°^-(^'^)) = hw2{L,TiL/K{xy)) + {2,dL/K}. 

Proof. We put X = Spec L. Then the £-adic representation IL^{Xk, Qi) is the 
extension of scalars of the continuous representation Q^°^k{l,k) ^ Hence, the left 
hand side is equal to sw2{ILi{X)). Since the cup-product on L = H^j^{X/K) is 
the multiplication of L and the trace map Tr: H^j^(X/K) = L K is the usual 
trace map for the extension L over K, the first term of the right hand side equals 
hw2{H^ji{X)) . Hence the assertion follows from the case where n = of the assertion 
5 in Theorem 12.51 □ 

We give some simplified versions of the formula f l2.3.3p . 

Lemma 2.8. Let hw2{H2R{X)') denote the second Hasse-Witt class of H^^{X) with 
the symmetric bilinear form multiplied by (—1)"/^ and d'x = hwi{H'^j^{Xy) denote 
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the discriminant. Then, if n = 2 mod A, we have 
(2.8.1) 

hw2{HSn{Xy) = hw,{H-^{X)) + - 1) ■ {dx. -1} + (^^'^'") {-1, -1}, 

d'x = dx + hdR^n ■ {-I}- 
Proof. It suffices to apply Lemma [1.71 2. □ 
Corollary 2.9. The equality fl2.3.3p is equivalent to the following: 

(2.9.1) sw2{H^{X)) + {e,-l} + l3-c, 

= hw^im^iX)') + r{d'x. -1} + Q + {2, dx} + V (q - ^2) 

m H'^{K, TLjTL). 

The equality fl2.3.3p is further simplified if we use generalizations of the classes 
for graded orthogonal representations and graded quadratic forms. Following the 
definition (021), we put Ul{X) = i/«(X^, Q^)(f ) and 

(2.9.2) sw2iH',iX)) = SW2{H2{X)) + Ci(i/,^(X)). 

0<(j<n 

Similarly, following f ll.7.2p . we put 

(2.9.3) hw2{H',^{X)) = hw^iH^j^iX)') + r ■ {-1, d'^} + Q " {-1, -1} 

where r = E,<„(-l)'&rf«,. (TO. 

Lemma 2.10. We have the following equality: 

(2.10.1) sw2iH;{X)) = sw2{H^{X)) + {e, -1} + /3 ■ Q. 

Proof. By the definition of e^, we have detifJ(X) = ■ x^" ''^^''^'9/^. Hence, we 
obtain Eo<g<n Ci(^f*(^)) = Ci(e) + Pci{xi) by the definitions e = X]g<„e5 and 

/3 = - ^^(— l)^(n — q)h^t^q. Thus, the equality fl2.10.ip follows from Lemma [L6l □ 

q<n 

Corollary 2.11. The equality fl2.3.3p is equivalent to the following: 

(2.11.1) sw2{Hl{X)) = hw2{H',^{X)) + {2, dx} + V (q - C2). 

We compare the de Rham cohomology with the Hodge cohomology. We put 
n = 2m and we regard H"^{X, ^^/j^) as a quadratic vector space by symmetric 
bilinear form defined by the composition 

ff-(X,fi-^) X iJ-(X,fi-^) i^-(X,n-/^) K. 
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Lemma 2.12. The dimensions bdR,n = H2r{X/K) and /i'"''" = if™(X,n™/^) have 
the same parity. We put hdR^n = /i™'™ + 2s. Then, we have 

(2.12.1) hw,{H-^{X/K)) = hw,{H^{X,Q^,^)) 



+ s ■ {-1, hw,{H^{X, fi™/^))} + Q j ■ {-1, -1} 
and hwi{H2R{X/K)) = hwiiH^'iX, fi^/^)) + s ■ {-1}. 

Proof. The Hodge to de Rham spectral sequence Ef'^ = if«(X, fi^^^) Hlj^{X/K) 
defines decreasing filtrations F' on Ef'™ = i7™(X,fi^/^) and on H2r{X/K). We 
choose numbering of the filtration so that we have / = E^'"^ and put si = 
dim F^ H1}^{X / K) and S2 = dim F^H"^{X, Q^^j^). Then, since the spectral sequence 

is compatible with the Serre duality, we have F° = (F^)-^. Hence we have s = 
si - S2 and hw{H2ji{X/K)) = hw{E^^"'){l + and W(i/'^(X, fi™/^)) = 

hw{E^'"^){l + {— 1})*2 by Lemma [1.71 1. Thus, the assertion follows. □ 

If the characteristic is 0, Conjecture 12.31 may be restated as follows. 

Lemma 2.13. Let X be a proper and smooth scheme of even dimension n over a 
field K of characteristic 0. 
1. We put 



Bq — b2 + — ■ ■ ■ — bn~2 if n = mod 4 

-bo + b2 — bi + ■ ■ ■ — bn-2 + bn if n = 2 mod 4 



''X/K'- 



(2.13.1) r' 

and 

(2.13.2) h = Y^{^-(^dimH''-\X,n] 

Then in this case, the equality f l2.3.3p in Conjecture 12.31 is equivalent to 
(2.13.3) 

sw2{H'l{X)) + {e,-l} 

= hw2{H2n{X)) + {2, dx} + h- (q - C2) + (/ - -){dx. -1} + j 

2. Assume further X is projective. Let /7"(X^,Q£)(|) = 0y<„_cvcn -^'^ ^'^ 
Lefschetz decomposition into primitive parts by an ample invertible sheaf C and put 
= 0g<n,g^omod4^'' ^'^^ = 0,<n,,^2 mod 4 • ^hcn, wc havc a congrucncc 



(2.13.4) r + 2/3 
modulo 4 and an equality 

(2.13.5) e = 



dim P if n = mod 4 
dim P+ if n = 2 mod 4, 

det P~ if n = mod 4 
det P+ ifn = 2 mod 4 
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zn H^{K, Z/2Z). 

Proof. 1. Since C2 = { — 1,-1}, it is sufficient to show the congruences 

(2.13.6) f3 = ri + h 

r if n = mod 4, 

if n = 2 mod 4 



(2.13.7) 



(2.13.8) 




if n = mod 4, 
if n = 2 mod 4 



modulo 2. By the Lefschetz principle, we may assume K = C 

We prove (12.13.61) . We put h'^'^ = dimif^(X, i7^). By the Hodge symmetry and 
the Serre duality, we have /i'''^ = h^''^ and /i'^'^ = respectively. Since the 

Hodge to de Rham spectral sequence degenerates, we have bg = 'Yl,i+j=q^^'^ ■ 
definition /3 = | X]g<n(~-'-)''('^ ~ ^)^qi ^^^^ 



213= {-iy+\n -{p + q))hP''^ 

p+q<n 

p+i}<n p+q<n 

Hence by the Hodge symmetry and the Serre duality, we obtain 



p+q<n 

= E (-ir^ (I - ^) ^^'^ - E (-ir^(i-^ 



Thus, we obtain (3 + h = Eg<ii(-1)^+^ (f - g) /i^'*^ = V mod 2. 

We prove (12.13.71) and (I2.13.8p . By Hodge symmetry, it follows that the Betti 
number bg is even for odd q. Hence by the definition r = J2q<ni~^y^q 
definition of /3 recalled above, we have 



(2.13.9) r + 2/3= "^{-1^ {n - q + l)b, 

q<n 

E {n-q + l)bg = 



r 

q<n,even 



if n = mod 4, 
if n = 2 mod 4 



modulo 4. Hence the congruence (|27[3T|) follows. Since ) = (2) + & mod 2, the 
congruence (12.13.81) also follows. 
2. By fl2.13.9p . we have 



r + 2(3 = 



%-b2) -\ h (6n-4 - &n-2) if w = mod 4, 

-^0 + (^2 - &4) H h (&n-4 - bn-2) if n = 2 mod 4 
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modulo 4. Since bg — bg^2 = dimP'? for 2 < g < — 2 and Bq = dimP°, the 
congruence fl2.13.4p follows. 

For odd q, if''(X^,Q£) carries a non-degenerate alternating form by hard Lef- 
schetz and hence we have = 1. For even 2 < g < n — 2, we have Cg — eq-2 = det P'^ 
and Co = det P°. Since 



In this section, we assume that i^' is a complete discrete valuation field with 
residue field F of characteristic p ^ 2. Let / = Gal{K/K''') C Gk = Ga\{K/K) 
denote the inertia subgroup and let P denote the kernel of the canonical surjection 
I — )■ Wpi-Lp'^p'i^)- Since P is a pro-p group, the canonical map iy(J/P, Z/2Z) — )■ 
H''(I, Z/2Z) is an isomorphism and they are isomorphic to Z/2Z for g = 0, 1 and is 
for g > 1. Since the extension 1 — )■ J/P — t- Gk/P — t- Gf — >■ 1 splits, we have an 
exact sequence 



(3.0.1) > H^{F,Z/2Z) > H^{K, Z/2Z) H\F,Z/2Z) > 0. 



In this section, we prove that the both sides of fl2.3.3p in Conjecture 12.31 have the 
same images by the map d in some cases. In particular, if if^(P, Z/2Z) = for 
example if the residue field F is finite, this will imply Conjecture 12.31 in these cases. 
First, we consider a consequence of the following elementary lemma. 

Lemma 3.1. Let K be a complete discrete valuation field and assume that the 
characteristic p of the residue field F is not 2. 

1. Let L be a finite extension of Qi and V be an orthogonal L-representation 
of Gk = Gal(^/i^). // the inverse image I' G I of the pro-2 part o/ Z2(l) C 
Ylp'^p'^p'i^) '^^^^ trivially on V , then we have dsw2{V) = 0. 

2. Let D be a quadratic K -vector space. If D has a non- degenerate Ox-ldttice, 
then we have dhw2{D) = 0. 



Proof. 1. The class sw2{V) is in the image of iJ^ ((?/<//', Z/2Z). Since ///' has no 
pro-2 part, the canonical map //^(ir^ Z/2Z) = H'^{Gk/ I, Z/2Z) ^ H'^iGx/r, Z/2Z) 
is an isomorphism. Hence the assertion follows from the exact sequence (13.0.11) . 
2. The class hw2{D) lies in the image H'^{F, Z/2Z) C H^{K, Z/2Z) of {O^, O^}. 



We say a scheme X over S = Spec Ok is generalized semi-stable if etale locally on 
X, it is etale over Spec Ok[To, T^l/iT^" ■ ■ ■ T^'--n) for some integer < r < n, 
a prime element vr of and integers mo, . . . , > 1 invertible in Ok- A scheme X 
is semi-stable if and only if it is generalized semi-stable and if the closed fiber Xg is 
reduced. 

Let X be a generalized semi-stable scheme over S. Let £ be a prime number 
invertible on S and W^ipZi be the sheaf of nearby cycles. Then, for each geometric 




if n = mod 4, 
if n = 2 mod 4, 



the equality (12.13.51) is also proved. 



□ 



3. Degenerations 



□ 
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point X of the geometric closed fiber X^, the action of / on the stalk WipZi^^ is 
tamely ramified for every q > 0. More precisely, if mi, . . . , are the multiplicities 
of irreducible components of the closed fiber Xs Spec F = rriiDi of the strict 
henselization and if dx denotes the greatest common divisor, the inertia / acts on 
R'^ipZe^x through the quotient fid^ [HI Proposition 6]. 

The sheaf Q]^^g{log / log) of logarithmic differential 1-forms is etale locally defined 
by patching (0-=o ^xd log Ti © 0"=^+i ^xdTi)/{Y^l^Q rriid log Tj). In the following, 
we write 

^x/s = ^x/s(log / log) and A^/^ = A%^A\/s 
for short. The Ox-module ^^/s locally free of rank n = dirnXx- The canonical 
map ^x/g — ^x/s induces an isomorphism on the generic fiber Xk- It also induces 
an isomorphism uJx/s{^s,Ted — ^s) ^x/s where cox/s = detflx^g denotes the 
relative dualizing sheaf. 

Lemma 3.2. Let X be a proper generalized semi-stable scheme over S = Spec Ok- 
Assume that every irreducible component of the closed fiber Xg = X Xs Spec F has 
odd multiplicity m Xg. 

1. The inverse image I' G I of the pro-2 part o/Z2(l) C Ylp/^p'^p'i^) (^cts trivially 
on H'^{Xk, Qe) for every q. 

2. We define an effective Cartier divisor D by 2D = X^ — Xs red- Then, the image 
of H'^{X, A'^^g(D)) defines a non-degenerate Ox-lattice of H"^{Xk,^Xk/k) ■ 

Proof. 1. By the assumption, the inverse image I' G I oi the pro-2 part acts 
trivially on R^tpQi for every q. Hence, it follows from the spectral sequence ii^f'"^ = 
HP{Xp,R'ii:Qe) HP+i{XK,Qe). 

2. By the assumption Xg — Xg^red = 2-D, we have an isomorphism ux/s{~'^D) — )■ 
A^lg. It induces an isomorphism A^jg^D) — )■ 'Hom{A'^^g{D),uJx/s)- By Grothendieck 
duality, it induces an isomorphism 

H^{X, A^/siD))/ {torsion part) ^ Homo,{H^{X, A^/s{D)), Ok). 

Hence the assertion follows. □ 

Corollary 3.3. Let X be a proper generalized semi-stable scheme over S = Spec Ok 
satisfying the condition in Lemma \^72[ Then, for a prime number i invertible in Ok, 
we have 

(3.3.1) dsw2{H^{XK/K)) = dhw2{H^niXK/K)) = 

m H\F, Z/2Z). 

In particular, further if the residue field F is finite, Coniecture \2.'d\ is true. 

Proof. By Lemmas I3.2[ l and 13.11 1. we have dsw2{ILi{XK/ K)) = 0. By Lemmas 
13:21 2 and 02, we have dhw2{H"'{XK,^XK/K)) = 0- Further by Lemma HIS we 
obtain dhw2{H^R{XK/ K)) = 0. 

Assume F is finite. Then, the map d: H^{K, Z/2Z) — )■ H^{F, Z/2Z) is an isomor- 
phism. Since 2, d, —1 are units in Ok, the terms {2, d}, {d, —1}, {—1, —1} in fl2.3.3p 
are 0. Hence the equality (13.3.11) implies Conjecture 12.31 □ 
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In the rest of this section, we prove the assertion 1 in Theorem I2.5[ 

Lemma 3.4. Let K be a complete discrete valuation field with residue field F of 
characteristic different from 2. Let K' he a totally ramified extension of K of degree 
2 and I' C Gk' be the inertia subgroup. Let Xk'/k = dx'/K £ H^{K,'Z/2'Z) = 
K^/K^"^ be the quadratic character of Gk corresponding to K' or equivalently the 
discriminant of the quadratic extension K' . 

1. Let V be an orthogonal representation of Gk/I' = Gp x I /I' and let V = 
Vq © (Vi ® Xk'/k) be the decomposition into the unramified part Vq and the ramified 
part Vi ® Xk' IK- Let r be the degree of the representation V\ of Gp = Gk/I ■ 

Then we have 

. , X r. A\ r , T 1 |0 if r IS even 

(3.4.1) dsw2{y)=[ \{-l} + deiV, + { ^ . 

\2/ \ aei V I xk'/k if r is odd. 

2. Let {D, b) be a quadratic K -vector space and L be an Ok -lattice of D satisfying 
xxikL* cLcL* = {xED \ b{x,y) G Ok for y E L}. Then, there exists a unique 
non-degenerate Ok' -lattice L' ofDK' = D®kK' satisfying viiK'L' C Ok'L C L' . The 
bilinear form b induces a non- degenerate form on the F -vector space Li = L' /Ok'L. 
We put r = dim Li . 

Then we have 

/o X or f ^\ r .1 1- 7 fo if r is even 

(3.4.2) dhw2iD)=( ]{-l} + discL, + \ ' . 

\2 / I disc D I dK' IK W r is odd. 

Proof. 1. Since swiV) = swiVo) ■ sw{Vi ® Xk'/k), we have 

dsw2(y) = dswiiVi (g) Xk'/k) ■ swi(yo) + dsw2(yi (g) Xk'/k)- 

We have dswi{Vi ® Xk'/k) = r e H^{F,Z/2Z) = Z/2Z. By Corollary Ol we have 
dsw2{Vi^XK'/K) = {r-l)det{Vi) + since Oxk'/k = 1 in H%F,Z/2Z) = 

Z/2Z and Xk'/k U Xk'/k = Xk'/k U { — 1} in H'^{K,Z/2Z). If r is odd, we have 
swiiVo) = det V/ det Vi ■ Xk'/k- Hence the assertion follows. 

2. Since the canonical map Lq = L/xu-kL* — >■ L* /vcikL* = HomF{L/mKL, F) is 
injective, b induces a non-degenerate form on Lq. Take a direct summand Lq of L 
such that Lo/mA'-^vQ = Lq and put Li = Lq = {x E L \ b{x,y) = for ?/ G Lq}. 
Then, Lq is non-degenerate and we have L = Lq ® Li and L* = Lq® m^^Li. 

The conditions xnK'L' C Ok'L C L' and that L' is non-degenerate imply L' C 
Ok'L* C m^lL' and hence Ok'L + vuk'L* C L' C Ok'L* fl m^!L. Since Ok'L + 
viiKiL* and Ok'L* fl xn]^]L are both equal to Ok'Lq © m]^]Li, the uniqueness of L' 
follows. It is clear that L' = Ok'Lq © m^^lLi is non-degenerate. Since L' /xxvk'L' is 
the orthogonal direct sum Lq®Li, the bilinear form b induces non-degenerate forms 
on Lq and Li. 

We put Dq = KLq and Di = KLi. Since hw{D) = hw{DQ) ■ hw{Di), we have 

dhw2{D) = dhwi{Di) ■ Wi(Do) + dhw2{Di). 

We have dhwi{Di) = r G //"^(F, Z/2Z) = Z/2Z. Since Li is non-degenerate with 
respect to the restriction of Tc'^b and since {7r,7r} = {vr, —1}, we have dhw2{Di) = 
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(r — l)9{disc Di, 7r} + (2) { — 1} by Lemma[L7l2. If r is even, we have 9{disc -Di,7r} = 
disc Li. If r is odd, we have hwi{DQ) = disc -D/disc Di and disc Di = disc Li ■ 
(Ik'/k- Thus the assertion follows □ 



The following Lemma is inspired by [TTj . 

Lemma 3.5. Let X be a proper generalized semi-stable scheme over S = Spec Ok- 
Assume that the divisor D = Xs — Xs^rcd is smooth over F and that the complement 
X \ D is smooth over S . Let K' be a totally ramified extension of degree 2 and put 
S' = Spec Ok'- 

1. The normalization X' of the base change X Xs S' is semi-stable. The reduced 
inverse image D' = {D Xx^')rcd is smooth over F. The double covering ip: D' ^ D 
is etale outside C = D (1 {Xs — 2D) and is totally ramified along C. 

2. Let i be a prime number invertible in Ok o,nd /' C Gk' C Gk be the iner- 
tia subgroup. Then, the Galois representation on H'^{Xk, Qi) factors through the 
quotient Gk/I' ■ 

Let Hi{Xk,Qi)- C H'^{Xji,Qe) and H''{D'^,Qi)- C Hi{D'^,Qi) be the minus- 
parts with respect to the actions ofL/L'. Then, the co specialization map LT^^Xp, Qi) — )• 
H^iXK^Qi) induces an isomorphism H''{D'p,Qi)- i7«(X^,Q^)-. 

3. Assume that Xk is of even dimension n = 2m. Then, the canonical map 
H'^(X', A'^i^g,) ®Oj(i F ~^ H"^{X'p, A^, is infective and the image is the orthog- 
onal of the image of the torsion part H"^{X', A^,^g,)toTs- 

LetH'^{X'p,A'^,^/p) = H-"^{X'p,A'^,^jp)+®H'^{X'p,A'^,^^p)- be the decomposition 
in to the plus part and the minus part with respect to the action ofL/L' = Gal{K' / K) . 
Then, the image of H''^{X, ^^/s) ®Cx ^ in the plus-part H'^{Xp, A^, ^^)+ is equal 
to the image of H'^{X' , A^, jg,) ®c»^, F and the image of H'^i^X, A^^^^) ®c>k ^ in 
the minus-part H^'iX'p, A'^,^^p)- = H'^{D',n'j;,/p)' is 0. 

Proof. 1. Since the assertion is etale local on X, we may assume X is smooth over 
A = OK[x,y]/{xy'^ — it) and K' = K{^/^^) for a prime element vr of K. Then, the 
normalization of A^o^^ Ok' is Ok'[x' , y\l {x'y— y/n) where x = x'"^ and the assertion 
follows. 

2. We consider the spectral sequence Ef'^ = HP{Xp, R'^ipQi) Hp+'^ {X k , Qe) . 
We recall computation of R^ipQi from [HI Proposition 6]. We have WipZi = for 
g > 1. Further, the restriction R^i/jIj^Id is canonically isomorphic to '^^J^i^b' and the 
restriction T^il}J^(\x^-2D is canonically isomorphic to Z^|xs-2D- The isomorphism is 
compatible with the actions of /. The sheaf R^ipZi is the direct image of a locally 
constant sheaf of rank 1 on the intersection G = D (1 {Xs — 2D) with the trivial 
action of /. 

Hence, the inertia action on HP{Xp, R'^ipQi) is trivial for q 0. For q = 0, the 
action of J' on HP{Xp, R^ipQi) is trivial. Further, the minus part of HP{Xp, i?VQ^) 
is isomorphic to HP{D'p,Qi)~ . 
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3. We consider the commutative diagram 



H^{X'p,A^,^/^Y > {H^{X\ A^, 0o,,Fy. 

The upper hne is exact and ^ denote the F-hnear dual. By Grothendieck duahty, 
the vertical arrows are isomorphisms. Thus, the first paragraph is proved. 

We consider the decomposition Oo' = Oo ® hy the action of the Galois group 
Gal(i^''/i^') = Gal{D' / D). The computation in the proof of 1. shows that we also 
have a decomposition = Cx^^^^©£. We put A'^^p = f2^y^(logC) and A^,^p = 
n^,^p{logC). The canonical mapl^/^ 0On Od' ^ A^,^^ = A™ ^ © {A^^p 
is an isomorphism. Since the sequences — )■ ^^jp A^jp — )• ^^Jp — > and 
— )■ ^^ijp A^i/F ~^ ^c/F ~^ exact, the inclusion ^"^ijp — )■ A^ijp induces 
an isomorphism ^"j^Vjp — > A"d~/f ~ ^^jp ®Od ^ minus parts. Since the 

canonical map A^,^g, ©o^, Op,' ^ ^d'/f isomorphism, it is also identified with 
A'^7/p. Thus, we have //'"(X^, A™^/^)" = H'^^D' ,VL'^, ^p)- . 

Further the computation in the proof of 1. shows that the canonical map Coker((9xxsS' ~^ 
Ox') Gokei {Op, Opi) = C\s an isomorphism. Hence, we have exact sequences 
^ ®Ox OxxsS' ^xv5' ^ ^D~/F ^ and 

-> H"^iX, A^/s) ®Ok Ok' ^ H^iX', A^,/s,) H^{D\ n^./pY ^ . 
Thus, we obtain an exact sequence 

H^{X, A^js) ®Ok F ^ H^{X\ A^,js.) ®o,, F ^ H^iD', n^,/p)- ^ 
and the assertion in the second paragraph follows. □ 

Proposition 3.6. Let the notation be as in Lemmfl 1X51 

1. The following conditions are equivalent: 

(1) The determinant det H"' {X , Qi) is unramified. 

(2) The discriminant dx = disc H2p{X/K) e K'^ / K'^'^ is m the image ofF^/F^^. 

(3) The Euler number x{T)p,Q£) = XdR{D / F) is even. 

2. Letx~{D') denote the Euler number ^^{—ly dim H'^{D'p,Q£)^ of the minus- 
part and let Xk'/k ^ H^{K,'Z/2'Z) denote the character of order 2 correspond- 
ing to the quadratic extension K' over K . Then, the image of the left hand side 
sw2{HJ^{X)) + {e, -1} + /3 ■ Q of I^X3\f by d is equal to 



(3.6.1) {-1} + det [h-{D'p, Q,)- ( 



n 




if det H"'{Xj^,Qi) is unramified, 
K'/K if det H^{Xj^,Qe) is ramified 



m H\F, Z/2Z). 
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3. Let /i™>™ denote the dimension dimH'^{D'p,Q^,^p) of the minus-part 

and let d^'/K ^ H^{K^7j/2'Ij) denote the discriminant of the quadratic extension 
K' over K. Let H^f^{D'/F)' denote H^j^{D'/F) with the symmetric bilinear form 
multiplied by (—1)"/^ and let H^j^{D' / F)'~ denote its minus part with respect to the 
action ofGaA{D'/D). Let r be as in (12.3. ip . 

Then, the image of the right hand side of (I2.3.3p by d is equal to 

(3.6.2) (^^-''^^^'^y-l}+disc H-^{D'/Fy- + xm{D/F) ■ {2} 



+ 



tfdxEF^'/F 
(d'^-dK,/K) + r{-l} ifdx^F-^/F 



x2 



x2 



in H\F, Z/2Z). 

Proof. 1. By Lemma [3.51 2. the condition (1) is equivalent to that dimH"-{D'p,Q£)~ 
is even. Hence, it is equivalent to that the Euler number x{D'p, Q,i)~ is even. Since 
x{D'p, Qe)~ = x{Dp, Qi) — x{Cp, Qe) and since the Euler number x{Cp, Qe) is even 
for proper smooth scheme Cp of odd dimension, it is equivalent to the condition (3). 

By Lemma [3.51 3. the condition (2) is equivalent to that dimH^{D' ,Q'^,^p)~ is 
even. By Serre duality and the Hodge to de Rham spectral sequence, it is equivalent 
to that the Euler number XdniD' / F)~ is even. Since XdR^D' /F)~ = XdR{L)/F) — 
XduiC /F) and since the Euler number XdniC /F) is even for proper smooth scheme 
C of odd dimension, it is also equivalent to the condition (3). 

2. We put h- = dim/7"(D^,Q^)-. By Lemmas[S311 and[S3l2, we have 

b~\ , _^ . / , „ . ^n 

2 



d{sw,{H^{X))) = ( 2^){-l} + det (H-{D'p,Q,r (1 




if b^ is even, 
K'/K if K is odd. 

Further by Lemma [3.51 2. the character det H^{Xj^,Q£)^ is unramified if and only 
if b~ is even. We put = ^^^^(— 1)^ dimif''(_D^, Q^)". Then, further by Lemma 
13.51 2. the character e = ng<n(det if''(X^, Q^))*^"^)' is unramified if and only if r~ 
is even. Hence, we have d{e,—l} = r^{ — 1}. Since x"(-D') = b^ + 2r~, we have 

^ ^2 ~ (y2^ ~^ ^' d{ce) = 0, the assertion follows. 

3. By (12XSD, the right hand side of is equal to hw2{Hlj^{XK/ K)) + 

{2, dx} + ^{ct — C2) as in Corollary I2.11[ Let H'^{Xk, ^x/k)' denote the symmet- 
ric i^'-vector space H"^{Xk,^^/p;;) with the symmetric bilinear form multiplied by 
(-1)™. We put /i'"''" = H''%XkMx/k) and define r' by xdr{X/K) = /i'"'"^ + 2r' . 
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Then, by Lemma [2.12[ we have 
dihw2iH:j,iXK/K))) 

if disc H^'iXK, ^^J^/k) e F^'/F''^ 
''x/k) 

The condition disc H'^iXK, ^^^/a') ^ F"" / F""^ is equivalent to dx = disc H2r{X/K) E 
px /px'^_ It is further equivalent to that h"^''^~{D') is even. 

We apply Lemma I3.4[ 2. to H"^{Xk, ^x/k)' define Li as in Lemma I3.4[ 2. 
Then, we obtain 




= ( "^^^Mi-l} + disc Li 



+ 



if is even 

disc H'^iXK, n^^^i^y /dK>/K if h"''"'~{D') is odd. 

We put s = dimH"'{X', A^y^Otors^o^, F. Then, we have /i™'™- (D') = dimZi + 2-s 
and disc H"^{D', Qd'/fY" = disc Li + s • {—1} by Lemma [331 3. Hence, for the right 
hand side, we have 

/dim LA - (h'^^'^-{D') 



V 2 



{-l} + discli= ( 2 M{-l} + discff"^(D',fiB'/Fy-. 



It is further equal to ){-!} + disc H^RiD'/F)'- by Lemma ElS 

We have d{d,2} = h"''"'-{D') ■ {2} and /i"^'"^" (£)') = x'iD') mod 2. Further, as 
in the end of the proof of 1., we have = XdR{D/F) mod 2. We also have 

d{ce) = d{c2) = 0. Since disc H^{XK,Vq/K)' - disc H2r{Xk/K)' = (r - r'){-l}, 
the assertion follows. □ 

Lemma 3.7. Lei D he a projective smooth scheme of even dimension n over a 
field F of characteristic ^ 2. Let D' ^ D be a double covering ramified along a 
smooth divisor C d D. Let H^^i^D' / F)' be the quadratic F -vector space HJl^^D' / F) 
with symmetric bilinear form multiplied by (—1)"/^ and let H2j^{D' / F)'^ denote 
the minus part with respect to the action of Gal{D' /D) = {±1}. We put r^, = 
T.,<ni-^r dim H^,^{D'/F)-. 
Then, we have 

(3.7.1) det H^iD'p, Q,)- = disc H^r^D' / F)'- + r^, . {-1} + XdR^D/F) ■ {2} 
m H\F, Z/2Z). 

Proof We put m = E,<„(-1)'' dim H'.^iD/F) and = E,<„,(-1)'^ dim Hj^iD'/F). 
Let H2r{D / F)' denote the quadratic F- vector space H^j^{D/F) with symmetric bi- 
linear form multiplied by (—1)"/^. Then, by [15, Theorem 2], we have det H"'{Dp, Qi) = 
disc H2r{D/F)' + rni-l} and det i/"(D^, Q^) = disc H2r{D' / F)' + r^'j-l}. On 
the left hand sides, we have 



det H'^{D'p, Qf) = det H'^{Dp, Q^) ■ det i7"(D^ 



Fi 
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since H^'iD'p, Qe) = H'^iDp, Q^)©/7"(D^, Q^)-. On the other hand, since Hl^{D' / F) = 
H^j^{D/F) © H^j^{D' / F)^ , we have r^' = + rjj,. Further since the restriction of 
the symmetric bihnear form of H2^{D' / F) on H2fi{D / F) C H2f({D'/F) is 2-times 
that of H2r{D/F), we have 

disc H-niD'/F)' = 2>^(^) ■ disc m^{D/Fy ■ disc H^niD'/F)'-. 

Hence the assertion follows. □ 

Corollary 3.8. Let the notation be as in Lemma 13.51 Assume D and Xk are 
projective. Then, the both sides of ( 12.3.3^ have the same images by d. In particular, 
further if the residue field F is finite, Coniecture \2.'i\ is true in this case. 

Proof. We compare the sums of the terms in the first lines in (13.6. ip and f l3.6.2p . 
Since x~{D') = b~^j^{D') + 2r]^,, they are equal to each other by Lemma 13771 In the 
case where the equivalent conditions in Proposition 13.61 1 do not hold, the remaining 
terms are also equal to each other by [151 Theorem 2]. □ 

Corollary 3.9. Let K be a complete discrete valuation field with residue field F 
of characteristic ^ 2,^. Let Xof^ be a proper regular flat scheme over a discrete 
valuation ring Ok- Assume that the generic fiber Xk is projective and smooth of 
even dimension and that the closed fiber Xs has at most ordinary double points as 
singularities. 

Then, the both sides of fl2.3.3p have the same images by d. In particular, further 
if the residue field F is finite, Conjecture 12.31 is true in this case. 

Proof. The blow-up of Xqi^ at the singular points of the closed fibers satisfies the 
assumption of Corollary 13.81 □ 



4. Cristalline representations 

In this short section, we derive the assertion 2 in Theorem 12.51 from the following 
computation of the second Stiefel- Whitney class of an orthogonal cristalline repre- 
sentation. 

Lemma 4.1 ([TF, Theorem 2.3]). Let K be a complete discrete valuation field of 
characteristic with perfect residue field F of characteristic p > 2. We assume thatp 
is a prime element of K. Let V be an orthogonal cristalline Qp-representation of the 

absolute Galois group Gk = GaA{K / K) and D = Dcris{V) be the associated quadratic 

p— 1 

K -vector space. Assume that the Hodge filtration F* on D satisfies F^~ D = 0. 
Then we have 

dsw2(y) = q ■ dimK GrpD ■ dcp 

q>0 

in H^{F,'L/2). In particular, further if the residue field F is finite, we have sw2{V) = 
E,>o g ■ duRK Grl^D ■CptnH\K,Z/2). 

Applying Lemma 14. H we compute the second Stiefel- Whitney class in a good 
reduction case. 
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Proposition 4.2. Let K be a complete discrete valuation field of characteristic 
with perfect residue field F of characteristic p ^ 0. We assume that p is a prime 
element of K. Let X be a proper smooth scheme of even dimension n over K and 
assume that X has a proper smooth model Xqj^ over the integer ring Ok- We 
further assume that Hi{X, = /or |g - f | > 2zl. 

We put h = J2^^n (f - q) dimi7"-9(X,fi^/^) 02. 13.21) as m LemmaEM Then 
we have 

dsw2{H;{X)) = h-dcp 

in H^{F,Z/2) . In particular, further if K is a finite extension of Qp, we have 
sw2{Hp{X)) = h-Cpin H\K, Z/2). 

Proof. Since if"(X;f,Qp) is a cristalline representation by [8], it is enough to apply 
Lemma 14.1 1 if p > 2. If p = 2, the assumption imphes that H^{Xj^,Qp){^) is 
unramified and h = 0. Hence the assertion follows. □ 

Corollary 4.3. We keep the assumption in Proposition 14.21 The both sides of 
f l2.3.3p have the same images by d. In particular, further if K is a finite unramified 
extension ofQp, Conjecture \2.3\ is true in this case. 

The assumption II'^{X, ^^x/li) = for |(? — f | > of Proposition 14.21 is satisfied 
ii n + 1 < p = I. Hence, Corollary 14.31 implies the assertion 2 in Theorem 12.51 for 
p = I ^2. The case p = I = 2 will be proved as a consequence of Proposition 19.41 

Proof. By Corollary 13. 3[ we have dhw^ill^^iX j K^) = 0. By Lemma 13. 2 [ we also 
have ddx = and de = 0. Thus, the image by d of the left hand side of f l2.13.3p 
is dsw2{II^{X)) and that of the right hand side is h ■ dc^. Hence, it follows from 
Proposition 14. 2[ □ 

5. Hodge structures 

In this section, we prove the assertion 3 of Theorem 12.51 for a projective smooth 
variety over R, using polarizations of Hodge structures. 

Before starting proof, we recall some terminology on Hodge structures. An M- 
Hodge structure of weight over M is an M-vector space V of finite dimension 
endowed with the following structures: A representation Gal(C/]R) — )■ GLiR(y) and 
a decreasing filtration F* on the R-vector space D = {V i^^C)'^^^^'^^^'' giving a Hodge 
decomposition = Or C = 0^ VP'-p where 1/^'^ = F^n^. Here a e Gal(C/R) 
acts on Vc as cr ® cr and ^ denotes cr 1. We say an R-Hodge structure of weight 
over R is polarized if it is equipped with a non-degenerate symmetric bilinear form 
by '■ V X V ^ M. satisfying the following condition. Let C be an automorphism of 
Vc which is defined to be the multiplication by i~Pi~'^ = (—1)^ on V'''^ = Vp~p. 
Then the condition is that the bilinear form (x, ^ bv{x,Cy) on V is symmetric 
and positive definite. Let b£, denote the symmetric bilinear form on D defined 
as the restriction of the symmetric bilinear form on Vc induced by by- We put 
j^P,q — (iini(^ yP'"? and let h^^^'^ be the multiplicity of eigenvalue ±1 of the complex 
conjugation on V^'° = fl V^°'°. 
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For an orthogonal representation V of Gal(C/M), let v~ = diml^~ be the di- 
mension of the (— l)-eigenspace V" = {x & V \ o"(x) = —x} where a G Gal(C/M) 
denotes the complex conjugate. Then we have swiiV) = v^{ — l} and sw2(y) = 
{\ ){"■'-' ~^}- ^ quadratic M-vector space {D,bD), let d~ = dimD" be the di- 
mension of a maximal subspace D~ of D where the symmetric bilinear form 6d|d- 
is negative definite. Then we have hwi{D) = d~{ — l} and hw2{D) = (^^ 

Lemma 5.1. Let V be a polarized M-Hodge structure of weight over M. Then we 
have 

V- = d- = j2hP'-p+h'^'^'-. 

Proof. Since V = V^'" © (V n ®p>oVP^-P), it suffices to consider the cases where 
V = V^'^ and V^'° = respectively. If V = V^'^, the symmetric bilinear form by is 
positive definite and we obtain v~ = d~ = h^'^~ and h^'^ = for p > 0. If V^'° = 0, 
we have h^'^~ = and v~, d~ and J2p>o equal to dim 1^/2. □ 

By the comparison theorem of singular cohomology and etale cohomology, we 
have sWi(if"(X/M)) = sWi{H"'{X{C), Q)). Now we are ready to prove the following 
main result of this section. 

Proposition 5.2. Let X be a projective smooth scheme over M of even dimension 
n. Let 13 f l2X2D . r fl2XTD and e = J2q<n(^Q ^ H\R,Z/2Z) be as m Conjecture^ 
and let hw2{H^ji{X /R)') G H^{R,Z/2Z) and d'^ G H\R,Z/2Z) be as m Lemma 
12.81 Then we have 

(5.2.1) sw2(iy;(X/M)) + {e, -1} + /3 ■ {-1, -1} 

= hw2{H:^{X/R)') + r{d'^, -1} + Q {-1, -1} 

m H^{R, Z/2Z). 

Since {2,d},ce - ca G H^{R,Z/2Z) in the formula (l2XT|l are 0, Proposition [521 
implies the assertion 3 in Theorem 12.51 

Proof. We take an ample invertible sheaf and consider the associated Lefschetz de- 
composition if"'(X(C), M)(|) = 0g<n, g-even -^'^ primitive parts. Then each 
P'^ is an M- Hodge structure of weight over M. Further (— l)5-times the restriction 
of be to defines a polarization on it. Let D = H^j^{X/R) = 0g<„^,,even be the 
corresponding Lefschetz decomposition. 

For an even integer < g < n, let e~ be the multiplicity of the eigenvalue —1 of the 
action of the complex conjugate on if^(Xc,Q)(|) and we put e~ = ^g<„ even ^g^- 
Let {d'^,d'~) be the signature of the quadratic vector space H^j^{X/Ry with the 
symmetric bilinear form multiplied by (—1)"/^. We put P+ = 0g<,„ ^=0 mod 4 -^'^ 
P~ = ©g<„ g=2 mod 4 -^'^ Lemma 12.131 2 and prove the congruence 



(5.2.2) e~ - 2e- = d' 



dim P if n = mod 4, 

dim P+ if n = 2 mod 4 
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modulo 4. 

Let be the multiplicity of the eigenvalue —1 of the action of the complex 
conjugate on P'^ and let {d'^^,d'^~) be the signature of the quadratic vector space 
V^. Then, we have Cq — eg_2 = v~ for 2 < q < n even and eo = Vq . Since P'^ is 
(— l)'?/^-definite, we have 



(P' if g = mod 4, 
if g = 2 mod 4. 



If n = mod 4, we have 



q<n,even q<n,q=2 (4) ij<",i3=0 (4) q<n,q=2 (4) 



q<n,q=0 (4) q<n,q=2 (4) 

If n = 2 mod 4, we have 

en-2e'= E ^'^-2 E ^5"= E " E 

(j<7i,even q<n,q=0 (4) q<n,q=2 (4) q<n,q=0 (4) 

E ^9 " E = - dimP+. 

q<n,q=2 (4) i3<n,g=0 (4) 

Thus (15.2.21) is proved. 

We have = (1 + {-1})"" and hw{H2R{X)') = (1 + {-1})^'". Hence 

by (15.2.21) . we obtain 

-™)-<--f-^')-™>{i::|::i!::::; 

Further, by (I2.13.4p . we have 

sw{H-{X)) ■ (1 + (e- + /3){-l, -1}) = W(i/^«(X)') ■ (1 + {-1})^ 
Since e = e~{ — 1}, the assertion is proved. □ 

6. Stiefel- Whitney classes of symmetric complexes 

In this section, we define and study the Stiefel- Whitney classes of symmetric 
complexes. A similar framework is studied in [2]. After recalling some elementary 
constructions on complexes, we prepare basic properties on symmetric strict perfect 
complexes in (I6.2p - (l6.8p and we recall fundamental properties of the Stiefel- Whitney 
classes of symmetric bundles in (16. 90 - 06.100 . We define the class for symmetric 
strict perfect complexes in Definition 16.111 and establish fundamental properties 
in Proposition 16.121 Finally, we generalize the definition to the derived category 
DperiiX) in Corollary Eia 

We will follow the sign convention on complexes in [3]. Let C be an abelian 
category. The mapping cone Cone(/) of a morphism f : K ^ L of complexes of 
objects of C is defined to be the simple complex associated to the double complex 
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by the matrix 



where L is put on the first degree 0. More concretely, 
) U and the map is given by the left multiplication 

. Canonical maps L — > Cone(/) — > K]!] are defined as 



K ^ L^Q^ ■■ 

the i-th component is K"^^^ 
-rf^+i 0' 

(P 

L = Cone(0 ^ L) ^ Cone(/) ^ Cone(ir ^ 0) = K[l]. 

Similarly, the mapping fiber Fib(/) is defined to be the simple complex associated 
to the double complex )-0— )-0— )■■■■ where K is put on the 
first degree 0. The i-th component is © and the map is given by the left 

f (P \ 

multiplication by the matrix ( ' maps -^[—1] Fib(/) K 

are defined as = Fib(0 ^ L) Fib(/) ¥ih{K ^ Q) ^ K. We identify 

Fib(/)[1] with Cone(— /) by the identity. 

Let f : K ^ L and g: L ^ M he morphisms of complexes such that the composi- 
tion go f is homotope to 0. Then, a homotopy t connecting go f to defines a map 
{g,t): Cone(/) — > M. Recall that a homotopy t consists of maps f:K^-^ M*~^ 
satisfying g^ o — f~^^ o + (p~^ o f. The i-th component of the map {g,t) is 

given by © g': K'+^ ®U ^ M\ The composition L ^-^ Cone(/) M is g. A 
bijection of the set of homotopics connecting o / to to the set of maps of com- 
plexes Cone(/) — )■ M such that the composition with L — > Cone(/) is g is defined 
by sending t to {g, t). A homotopy t also corresponds to a map (/, t): K ^ Fib(g') 
such that the composition with the canonical map Fih{g) — )■ L is equal to /. 
For a homotopy t connecting g o f to 0, we define a complex 



(6.1.1) 



C = C{K ^L^M)t 



to be Yih{{g,t) : Cone(/) M) = Cone((/, t) : K -)■ Yih{g)). For an integer i, the 
i-th. component C' is given by = K^+^ ® D ® M'~^ and the map d':C'^ C'+^ 

-ff'+i 

is given by the matrix | /*^^ | . For a commutative diagram 

f+i g' -d'- 



K L -^-^ M 



K' 



M' 



of morphisms of complexes and homotopies t and t' connecting g o f and g' o f to 
respectively satisfying cot = t' o a, the maps a, b and c induce a map 



(6.1.2) c = C{K ALAM)t > C = C{K' 4 L' ^ M')t' 



of complexes. 
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Further we consider a commutative diagram 

K' V M' 

b' 

K" L" M" 

of morphisms of complexes such that a' o a, h' oh and c' o c are and a homotopy 
t" connecting g" o f" to satisfying dot' — t" o a'. Then, we obtain maps C — > 

C" C" = C{K" ^ L" ^ M")t" and the composition is 0. The complex C° = 
C(C — )■ C" — 7> C") is the simple complex associated to the double complex • • • ^ 
— )■ C — )■ C" — )■ C" — )■ — )■ ■ ■ ■ where C is put on the first degree 0. We put 

K° = C{K A i^' 4 K"), L° = C{L A L' ^ L"), M° = C{M 4 M' 4 M") and 
let f°: K° ^ L° and g°: L° ^ M° be the induced maps. The homotopies t, t' and 
t" induce a homotopy t° connecting g° o f° to 0. A canonical isomorphism 

(6.1.3) c° = C{C C") > C{K° 4 L° 4 M°)to 

is defined by 1 on L, K', L', M', L" and -1 on K, M, K", M". 

Let D : C ^ C he a. contravariant additive functor and c : id ^ DD be a morphism 
of functors. In practice, the category C will be that of Cx-modules on a ringed 
space {X, Ox), the functor D will be defined by DJ^ — Ttom{J^, Ox) and c will be 
defined by the canonical morphism J-" — )> DDT. For a complex K of objects of C, 
let DK denote the dual complex. The i-th component (DK)^ is equal to D{K~^) 
and d': D{K-') D{K-'-^) is given by {-iy^^D{d-'~^). The i-th component 
of the bidual complex DDK is equal to DD{K^) and is given by —DD{d^). 
The canonical map Ck'- K DDK is defined by (— l)*-timcs the canonical map 
K' DD{K'). The composition Dckocdk ■ DK DDDK DK is the identity. 

We define a canonical isomorphism DCone(/) Fih{Df) by (1, (—1)"*) on the 
i-th component D{L~'^) © D{K~'^^^). In the case where L = 0, this gives a canon- 
ical isomorphism /^(/^[l]) — )■ {DK)[—1]. Consequently, for an even integer n the 
canonical isomorphism D{K[n]) — )■ {DK)[—n] is defined by the multiplication by 
(— 1)"/^. Similarly, we define a canonical isomorphism DFih{f) Gone{Df) by 
(1, (-1)-'+^) on the i-th component D{K-') © D{L-'-^). The diagram 

Cone(/) ConeiDDf) 

CCone(/) 

DDConc{f) i DFih{Df) 

is commutative. A similar diagram obtained by switching Cone and Fib is also 
commutative. 

The dual homotopy Dt connecting Df o Dg to consists of {Dty-. D[M~'^) — >■ 
D{K^~'') defined by (Dt)^ — (— We define a canonical isomorphism 



(6.1.4) D{C{K 4 L 4 M)t) > C{DM ^DL^ DK) 



Dt 
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to be the composition of 

D{Fih{{g,t):Cone{f)^M) 



Cone{D{g,t): DM DCone(/)) 



It is defined by (-1)^ © 1 
D{K^-'). The diagram 



> Cone{{Dg,Dt): DM ^Fih{Df)). 

on the i-th component D{M-^-'') © D{D 



C{K ^ LAM)t 



(6.1.5) 



DDC{K 4 L 4 M)t 



C{DDK ^4-^ DDL DDM)DDt 



DC{DM ^DL^ DK)Dt 



is commutative. 

Let {X,Ox) be a local ringed space in the rest of this section. Recall that a 
complex K = {K^,d^) of Ox-modules is called a strict perfect complex if is 
locally free of finite rank for each i E 1^ and if are except for finitely many 
i G Z. A strictly perfect complex is acyclic if and only if it is locally homotope to 
0. A map / of strict perfect complexes is a quasi-isomorphism if and only if the 
mapping cone Cone(/) is acyclic. If is a strict perfect complex, the canonical 
map ck'- K ^ DDK is an isomorphism. 

Definition 6.2. Let K he a strict perfect complex of Ox -"modules . 

1. We say a morphism q : K ^ DK of complexes is symmetric if the composition 
Dq o ck'- K ^ DDK — > DK is equal to q. 

2. // a symmetric morphism q : K DK is a quasi-isomorphism, we call the 
pair {K, q) a symmetric strict perfect complex. 

3. Let f : L ^ DL be a symmetric morphism. We say a homotopy t connecting 
f to is symmetric if we have Dt o cl = t. 

Let {K, q) be a symmetric strict perfect complex. Let f : L K he a mor- 
phism of strict perfect complexes and let t be a symmetric homotopy connecting the 
symmetric morphism Df oqo f : L ^ K DK — )• DL to 0. We define a complex 



(6.2.1) 



M = M(L A ir),,i 



to be C(L 4 K DL)t fl6XT|) defined by the homotopy t. We define a map 



M 



DM 



(6.2.2) qu- 
to be the composition of the map 

q: M = C{L ^ K ^ DL)t C{DDL ^ DK ^ DL)Dt 
defined by the commutative diagram 

T f 



K 



Dfoq 



> DL 



(6.2.3) 



CL 



DDL 



DqoDDf 



> DK 



Df 



> DL. 
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with the inverse of the isomorphism 

DM = DC{L ^ K ^ DL)t C{DDL ^ DK ^ DL)Dt f l6Xi|) . 

Lemma 6.3. Let {K,q) be a symmetric strict perfect complex. Let f : L ^ K be a 

morphism of strict perfect complexes and let t be a symmetric homotopy connecting 
the symmetric morphism Df o q o f : L ^ K ^ DK — t- DL to 0. 
Then, the pair (M, qm) is a symmetric strict perfect complex. 

Proof. The morphism qm is a quasi- isomorphism since the vertical arrows in fl6.2.3p 
are quasi-isomorphisms. We show qM = L)qM o cm- By fl6.1.5p . the upper square of 
the diagram 

M = C{L ^ K ^ DL)t C{DDL DDK DDDL)DDt 

CM 

(6.3.1) DDM = DDC{L ^ K ^ DL)t < DC{DDL ^ DK ^ DL)Dt 

Dq 

DM = DC{L ^ K ^ DL)t 
is commutative. The composition DDM — )■ DM is DqM. Let 

Dq: C{DDL DDK DDDL)DDt ^ C{DDL ^ DK ^ DL)Dt 
be the map defined by the dual diagram 



DDL ^ DDK ^^Rl^ DDDL 



(6.3.2) 



Dq 



DCL 



DDL DK ^ DL 



of fl6.2.2p . Then, the diagram 

DC{DDL DK DL)nt > C{DDL DDK DDDL)^^ 



Dq 



Dq 



DM = DC{L ^ K ^ DL)t > C{DDL ^ DK ^ DL)Dt 

is commutative. Since the composition DL — t- DDDL — t- DL is the identity, we 
have q = Dq o c where c is the upper horizontal arrow in f l6.3.ip . Thus, we obtain 
qM = DqM o Cm- □ 

In the notation M{L — )■ K)q t, if the homotopy t is 0, we drop it from the notation 
to make M{L K)g. 

Corollary 6.4. Let {K, q) be a symmetric strict perfect complex. Let K^^ C K 
denote the subcomplex defined by {K^^y = K^ for i > and {K^^Y = for i < 
and define a symmetric strict perfect complex {K\ qx^) to be M{K^^ — K)q defined 
in ( 16XT|) and (l6X2|) . 
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Then, the complex is acyclic except at degree and the cohomology sheaf 
£ = 'HP{K'^) is locally free of finite rank. The map qj^\,: K'^ — > DK^ induces a 
nan- degenerate symmetric bilinear form qg: £ ^ D£. 

Proof. The complex K'^ is quasi-isomorphic to the strict perfect complex Cone(i^'^'' — )■ 
{DK)-^) supported on degree > 0. Since it is also quasi-isomorphic to the complex 
Fih{K-^ — > D{K^^)), it is acyclic at degree > 0. Hence the assertion follows. □ 

By abuse of terminology, we call a locally free Ox-module of finite rank a bundle 
on X. For a locally free Ox-module £ of finite rank, we call a locally free Ox- 
submodule J-' a subbundle if the quotient £/J-' is locally free, or equivalently, if J-" 
is locally a direct summand of £. 

Definition 6.5. Let £ be a locally free Ox-module of finite rank. 

1. We say an Ox-Hnear map q: £ ^ D£ = T-Lom{£,Ox) is symmetric if q is 
equal to the composition Dq o c^: £ ^ DD£ — )■ D£. 

2. // a symmetric map q: £ D£ is an isomorphism, we say that q is non- 
degenerate and we call the pair {£,q) a symmetric bundle. 

3. Let {£, q) be a symmetric bundle. We say a subbundle T is isotropic if the 
composition T ^ £ ^ D£ — t- DJ^ is the 0-map. Further, if the sequence T ^ £ ^ 
DT is exact, we say T is Lagrangean. 

If J-' is an isotropic subbundle of a symmetric bundle {£, q), the subquotient 

(6.5.1) £' = HiT ^£ ^ DT) = KeT{£ DJ^)/^ 

is locally free and q induces a non-degenerate symmetric bilinear form q': £' ^ D£' . 

Proposition 6.6. Let {K,q) be a symmetric strict perfect complex. Let f : L ^ 
K be a morphism of strict perfect complexes and let t be a symmetric homotopy 
connecting Dfoqof to 0. Let (M, g^) be the symmetric strict perfect complex M = 

M{L -U K)q^t defined by f lO:T]) and ^2^. Further we define = M{M>^ 
M)q^_j as in Corollary \6.4:i 

Assume that K is acyclic except at degree and that the cohomology sheaf 'HP{K) = 
£ is locally free. Then there exists an isotropic subbundle T ofV^iM^^ = £' satis- 
fying the following properties: 

(1) There exists an isomorphism 'H{J-' — > — > DJ-") — t- £ of symmetric bundles. 

(2) There exists an exact sequence — t- DL^ — )■ J-" — )■ DKer^K^ — > K'^) — > o/ 
locally free Ox -'modules. 

Proof. First, we prove the case where L = 0. In this case, we have M = K and 
= C{K>^ K ^ DK>^). By the assumption that K is acyclic except at 
degree 0, the subcomplex K^^ is also acyclic except at degree 1 and 'H}{K^'^) = 
Kei{K^ — )■ K^) is locally free of finite rank. Hence M'' is also acyclic except at degree 
0. Further, the cohomology sheaf £' = 'HP[M'^) is locally free and has an increasing 
3 step filtration F' by subbundle such that Gi^p£' = V}{K>^), Gi%£' = £ = H^{K) 
and Gi-p}£' = V,-^{DK>^) = DV}{K>^). Since the composition {DK>^)[1] 
= C{K>^ -> K DK>^) K>^[-1\ is the zero map, the subbundle J" = 
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Gr^ S' = Ti ^{DK^^) is isotropic and the assertion (1) follows. The assertion (2) 
follows from V}{K>^) = KeT{K^ -> K^). 

We prove the general case. The complex L° = C{L^^ — L — D{L^^)) is acyclic 
except at degree 1 and we have 'H}{L°) = L^. By f l6.1.3p . we have a canonical 
isomorphism ^ C{L° ^ ^ DL°). Hence £' = ?/°(M^) is locally free and 
has an increasing 3 step filtration F' by subbundle such that GipS' = 1-L^{L°) = L^, 
Gr^f ' = 'H'^{K^) and Gr;^^^' = n-^DiL")) = DL\ Similarly as in the special case 
proved above, the subbundle Gr^^£^' = DL^ is isotropic. Further since it has been 
already proved for — )■ i^^, there exist an isotropic subbundle J-"' = IHM^K^^) = 
Ker{K^ K^) of Gi^pS' = V.^{K^) an isomorphism V,{r Gt%£' DP) £ 
of symmetric bundles. Thus, the inverse image d £' oi T' is isotropic and is an 
extension of T' = Kei(K^ — )■ K"^) by Gip^£' = DL^. Thus the assertion follows. □ 

Definition 6.7. Let {K,q) be a symmetric strict perfect complex. Let f : L ^ K be 

a morphism of strict perfect complexes. 

If there exists a symmetric homotopy t connecting Df o q o f to such that the 
f 

complex M = M{L — )■ K)q^t fl6.2.ip is acyclic, we say f : L K is Lagrangean. 

The condition M = M{L — )■ K)q^t is acyclic is equivalent to that the map {Df o 
q^t): Cone(/) — > DL is a quasi-isomorphism. 

Lemma 6.8. Let {K,q) be a symmetric strict perfect complex. Let f : L K he a 
morphism of strict perfect complexes and let t be a symmetric homotopy connecting 
Df o qo f to 0. We put M = M{L K)g^t and N = Fih{K -> DL). Then the 
direct sum N K ® M of the maps defined by 

> K > DL > K > DL 



> K > 0, L V K y DL 

is Lagrangean with respect to the symmetric bilinear form q © —qM on K ® M . 

Proof. It suffices to show that the complex C(A^ — )■ © M — > DN)q is acyclic. Let 
K° denote the acyclic complex C{K K ® K DK)o where K K ® K is the 
diagonal map and K ® K ^ DK is the difference (-Dg, —Dq). By (16. LSI) , we have 
an isomorphism C{N ^ K ® M DN)q C(Fib(idL) ^ K° ^ Cone(idi5L))o 
and the assertion follows. □ 

In the following, we assume that X is a scheme over For a symmetric bundle 
{£, q) on X, the Stiefel- Whitney class 

w{£) = l+Wi{£)+W2{£) + --- 

is defined in H*{X,Z/2Z) = H'^^ H*{X,Z/2Z), see [3 §1]. For a locally free Cj^- 
module J-" of rank r, we put 

r 

(6.8.1) c(.F) = 5^(1 + {-1})-q(^) 

i=0 
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in H*{X, Z/2Z). 

The Stiefel- Whitney class is characterized by the following properties: 

fl6.9[ l) For a morphism / : X — > F of schemes and a symmetric bundle {£-,0) on y, 

we have f*w{£) = w{f*£). 
(I6.9[ 2) For the direct sum {£ ®£',q® q') of symmetric bundles q) and {£' , q') on 

X, we have w{£ ® £') = w{£) ■ w{£'). 
(16.91 3) Assume £ is of rank 1 and let wi{£) be the class of £ as an element of 

H\X, 0(1)) = H\X, Z/2Z). Then, we have w{£) = 1 + Wi{£). 

Proposition 6.9. Let {£, q) he a symmetric bundle. 

1. We have 

(6.9.4) w{£,q)-w{£,-q) = c{£). 

2. Let T he an isotropic suhhundle of £ and regard £' = 'H{J-' ^ £ ^ DJ-") (16.5.11) 

as a symmetric bundle by the symmetric bilinear form q' induced by q. Then, we 
have 

(6.9.5) w{£) = w{£') ■ c{T) 

Proof We define a map J-"' = Ker(£^ — )■ DJ^) — )■ £^ © to be the sum of the 
inclusion and the projection. Then, it is Lagrangean with respect to the symmetric 
bilinear form g© —q'. Hence, by (16.91 2) and [7, Proposition 5.5], we obtain w{£, q) ■ 
w{£', —q') = c{J^'). By considering the case where J-" = 0, we obtain the equality 
fleki]) . Further, we obtain w{£, q) ■ w{£\ q')'^ = c{r) ■ c{£)-^ = c{7). □ 

For a strict perfect complex fC, we put 

(6.9.6) c{K) = Wc{K'Y-^y 

i 

in H*{X,'L/2'L). For a quasi-isomorphism Ki — )■ i^2! we have c{Ki) = c{K2). For 
the dual complex DK^ we have c{DK) = c{K). 

Corollary 6.10. Let {K,q) be an acyclic symmetric strict perfect complex and put 
£ = V,^{K^) for = M{K>^ K)g. Then, we have 

(6.10.1) w{£) ■ c{K>^) = 1. 

Proof. We apply Proposition 16.61 to L = 0. Then J-" = DKer(K^ — > K"^) is a La- 
grangean subbundle of £. Hence, by Proposition 16. 9[ we obtain w{£) = c(Ker(fC^ — )■ 
K^)). Since K is acyclic, we have c(ir>°) = c{KeT{K^ K^))-\ D 

Definition 6.11. Let {K,q) be a symmetric strict perfect complex and put £ = 
V,^{K^) for = M{K>° K)q. Then, we define the total Stiefel- Whitney class 
w{K) e H*{X,Z/2Z) by 

(6.11.1) w{K) = w{£)-c{K>'^). 

Proposition 6.12. The Stiefel- Whitney classes satisfy the following properties: 

(16.121 1) For a morphism f : X Y of schemes and a symmetric strict perfect com- 
plex {K,q) on Y, we have f*w{K) = w{f*K). 
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(16.121 2) For the direct sum of symmetric strict perfect complexes {Ki, qi) and {K2, q2), 
we have w{Ki © K2) = w{Ki) ■ w{K2). 

( 16.121 3) For a symmetric bundle {£, q) on X and K = S[0], we have w{K) = w{£). 

( 16.121 4) For symmetric strict perfect complexes {Ki,qi) and {K2,q2) of Ox -'modules 
and a quasi-isomorphism f : Ki ^ K2 such that the diagram 

Ki K2 

(6.12.7) qi\ U2 

DKi DK2 

is commutative up to homotopy, we have w{Ki) = w{K2). 

( 16.121 5) For a symmetric strict perfect complex {K, q) and a Lagrangean morphism 
L ^ K of strict perfect complexes, we have w{K) = c{L). 

(16. 121 6) For a symmetric strict perfect complex {K, q), we have w{K, q) ■ w{K, —q) = 
-c{K). 

Proof. The properties ( 16.121 1-3) are clear from the definition. We show (16.121 6). 
We put £ = H^[K'^). Then, by Proposition 16.91 1. we obtain 

w{K, q) ■ w{K, -q) = w{£, qe) ■ w{£, -qs) ■ c{K>y = c{£) ■ c{K>y. 

Since c{£) = c{K^) = c{K) ■ c{K>^y^ , we obtain (Km6). To show (KTUb). we first 
prove the following. 

Lemma 6.13. Assume that K is acyclic except at degree and that £ = 'HP{K) is 
locally free of finite rank. Let f : L ^ K be a Lagrangean morphism of strict perfect 
complexes. Then, we have w{£) = c{L). 

Proof. Let t be a symmetric homotopy connecting Df o g o / to 0. We apply Propo- 
sition ESI to L K. Then, by Proposition 16.91 2. we have w{£') = w{£) ■ c(L^) • 
c{KeT{K^ — K"^)). By the assumption that L is Lagrangean, the complex M = 
M{L — )■ K)t is acyclic. Hence, by Corollary 16. 10[ we have w{£') -clM^^) = 1. Since 
K is acyclic except at degree 0, we have c(i^^°) = c(Ker(i^^ — )■ K"^))^^. Thus, we oh- 
tain c(i^>0) =w(£)-c(Li)-c(M>0). Since c(M>0) = c(ir>0) ■c(L>i)-i ■c(D(L<0))-i 
and c(L) = c{L^)-^ ■ c{L>^) ■ c{D{L<^)), the assertion follows. □ 

We prove (16.121 5). Let denote the strict perfect complex M{K^^ — )■ K)q = 
C{K>^ ^ K ^ DK>^)g. Then the map C = C{0 ^ L ^ DK>^) ^ induced 
by /: L — > is Lagrangean. By applying Lemma 16.131 to L' — )■ K'^^ we obtain 
w{£) = c{L') = c{L) ■ c{K>^)~\ Thus, we obtain w{K) = w{£) ■ c{K>^) = c{L). 

Finally, we deduce (ICT1 4) from ([SI32), (EII25) and (1^1^ 61 We consider 
the direct sum {Ki © K2,qi © — ^2) as a symmetric strict perfect complex. Let 
t be a homotopy connecting Df o q2 o f to qi. By replacing t by the homotopy 
(t + Dt o 0x2)72, we may assume t is symmetric. Then, the map (idi^^, f): Ki — )■ 
Ki © K2 is Lagrangean with respect to —qi © q2. Hence, by (I6.12[ 2) and (16. 121 5). 
we obtain w{Ki, —qi) ■ w{K2,q2) = c{K2). Thus, we obtain ^(i^i,^!) = w{K2,q2) 
by (16121 6). □ 
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The properties fl6.12[ 2-5) characterize the Stiefel- Whitney classes. We deduce the 
uniqueness from Lemma ESI apphed to L = K^'^. Since the symmetric strict perfect 
complex = M{K>^ ^ K)^ is quasi-isomorphic to £^ = 1-L^{K^)^ we obtain 

w{K, q) ■ w{S, -qs) = w{K, q) ■ w{K\ -q^,) = w{K ®K\q® -qK^) = c{K>''). 

Corollary 6.14. Let {K,q) be a symmetric strict perfect complex. 

1. Let f:L^K be a morphism of strict perfect complexes and let t be a sym- 
metric homotopy connecting Df o g o / to 0. We put M = M{L — )■ K)qf Then, we 
have 

w{K) =w{M)-c{L). 

2. Assume that '}V'{K) is locally free of finite rank for every i G Z and regard 
'H^{K) as a symmetric bundle by the symmetric form induced by q. Then, we have 

w{K) = w{U\K)) ■ Y[c{W{K)Y-^^\ 

i<0 

Proof 1. We put = Fih{K DL) as in Lemma EH Then, by ^T^2), (EII35), 
and by Lemma ESI we have w{K,q) ■ w{M, —qu) = c(A^). Further by fl6.12[ 6). we 
obtain w{K,q) ■ c{M) = w{M,qM) ■ c{N). By c(M) = c(L)"^ ■ c{N), the assertion 
follows. 

2. We define a subcomplex L C K by L^ = KHi i < 0, L^ = lm{K^^ -> K^) and 
L* = if i > 0. Then, the inclusion i: L ^ K satisfies Di o q o i = 0. The complex 
M = M{L K)qfl is acyclic except at degree and we have VP{M) = V,^{K). 
Thus, the assertion follows from 1. □ 

In the rest of this section, we assume that the scheme X is divisorial [101 Definition 
2.2.5] and either separated or noetherian. Recall from (TUl Proposition 2.2.9 b)] 
that the natural functor K{X) — )■ Dperf(X) from the homotopy category of strict 
perfect complexes of Ox-modules to the derived category of perfect complexes of 
Cx-modules induces an equivalence of categories from the quotient category divided 
by quasi-isomorphisms. For an object K of D^ct{{X) and an isomorphism q: K ^ 
DK satisfying q = Dq o ck, we call the pair {K, q) a symmetric perfect complex on 
X. 

Lemma 6.15. Let X be a divisorial scheme overZ[^] either separated or noetherian. 
Let K be an object of the derived category Dperf(X) of perfect complexes of Ox- 
modules and q: K ^ DK be an isomorphism of D^cri{,X) satisfying q = Dq o ck. 

1. There exist a symmetric strict perfect complex {Kq, go) and a quasi-isomorphism 
/q: Kq — )■ K of O X -modules such that the diagram 

K, ^ K 

(6.15.1) 90 

DKq DK 

in D-peri{X) is commutative. 

2. Let {Ki,qi) be another symmetric strict perfect complex and fi: Ki ^ K be 
a quasi-isomorphism such that the diagram (I6.15.ip with suffix replaced by 1 is 
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commutative. Then, there exist a strict perfect complex K2 and quasi-isomorphisms 
Qo : K2 — 7- Kq and gi : K2 — ?■ Ki such that the diagram 



K2 Ko DK^ 



(6.15.2) 



91 




Dgo 



91 



^ DKi DK2 



in commutative up to homotopy. 

Proof. 1. There exist strict perfect complexes Ki and K2, quasi-isomorphisms 
fi: Ki — > K and /2 : K2 — )■ K and a morphism qi: Ki — t- DK2 such that the 
diagram 



(6.15.3) 



91 



DK2 i 



Df2 



K 



DK 



in Dperf(X) is commutative. Further, there exist a strict perfect complex Kq and 
quasi-isomorphisms gi : ii^o -^1 and (72 : Kq — )■ such that the diagram 



91 



(6.15.4) 



92 



K 



in Dperf (X) is commutative. The composition q^ = Dg2 o qi^ gi'- Kq — )■ DKq makes 
the diagram f l6.15.ip commutative and hence is a quasi-isomorphism. Since it is 
homotope to DqQ o ckq, the map go = {Qq + Dq^ o cko)/2: Kq — )■ DKq is symmetric 
and is homotope to q'^. 

2. We consider a commutative diagram f l6.15.4p with suffix 1, 2, replaced by 0, 
1,2. Then, we obtain a diagram fl6.15.2p commutative up to homotopy. □ 



Corollary 6.16. Let X and {K,q) be as in Lemma [6.151 Then, for a symmetric 
strict perfect complex {Ki, qi) and an isomorphism fi: Ki K as in Lemma l6.15[ l. 
the Stief el- Whitney class w{Ki) is independent of {Ki,qi). 

Proof. Let (^2,52) be another symmetric strict perfect complex and f2'. K2 — )■ K 
be an isomorphism as in Lemma (6.151 1. We consider a strict perfect complex Kq, 
quasi-isomorphisms gi : Kq — > Ki and g2 '■ Kq — K2 and a symmetric homotopy t 
as in Lemma 16.151 2. Then the composition go = Dgi o qi o gi: Kq — )■ DKq defines 
a symmetric strict perfect complex. By (16.121 1). we obtain w{Ki) = w{Kq) = 
w{K2). □ 

For a symmetric perfect complex {K,q) on X, the Stiefel- Whitney class w{K) is 
defined as w{Kq) by taking a quasi-isomorphism /q: Kq — )■ if as in Lemma [6.151 1. 
It is well-defined by Corollary 16.161 
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We give a slight generalization. Let i^' be a perfect complex and n be an even 
integer. We say that an isomorphism q: K ^ DK[—2n\ in the derived category 
Dpcrf(X) is symmetric if q is equal to the composition 

(6.16.1) K DDK DiDK[-2n])[-2n] DK[-2n]. 

Let q: K DK[—2n] be a symmetric isomorphism. We put K' = K[n\ and define 
q' : K' ^ DK' to be the composition 

K' = K[n] DK[-n] D{K[n]) = DK'. 

Then, {K',q') is a symmetric perfect complex and the Stiefel- Whitney class w{K') 
is defined. 

Corollary 6.17. Let K be a perfect complex, n he an even integer and q: K 
DK[—2n] be a symmetric isomorphism in the derived category Dpcrf{X) . Let {K[n\, q') 
be the symmetric perfect complex defined above. 

Assume that W{K) is locally free of finite rank for every i G Z and regard S = 
'H^{K) as a symmetric bundle by the symmetric form qg induced by q. Then, we 
have 

w{K) = wis, i-ir^'qe) ■ J] 

i<0 

Proof. For K' = K[n], we have Ti^lK') = 'H"'{K) = S. By the sign convention on 
the canonical isomorphism D{K[n]) — )■ DK[—n], the symmetric bilinear form on 
E induced by q' is equal to (— l)"/^g£-. Hence the assertion follows from Corollary 
1611 2. □ 

7. Families 

We generalize definitions in Section [2l Let S" be a normal scheme over and 
L be a finite extension of Q^. We say that a smooth L-sheaf on S" is orthogonal 
if it is endowed with a non-degenerate symmetric bilinear form b : V ®V ^ L. We 
define the Stiefel- Whitney class 

5^2(1^) G H\S, Z/2Z) 

in etale cohomology as follows. It suffices to consider the case where S is connected. 
In this case, an orthogonal L-sheaf {V, b) is defined by an orthogonal representation 
Px : 7ri(S', a;) — > 0{Vx,bx) for a base point x. Then we define the Stiefel- Whitney 
class sw2{V,b) e H^{S, Z/2Z) to be the image of sw2{px) G H^{7Ti{S,x),Z/2Z) by 
the canonical map H^{iti{S,x),Z/2Z) — H^{S, Z/2Z). It is independent of the 
choice of base point x. When there is no fear of confusion, we drop b and write 
simply sw2{V). Similarly as fll.5.2p . for a graded smooth L-sheaf V* on S, we define 
the Stiefel- Whitney classes swi{V) E H\S, Z/2Z) and sw2iV) G H^{S, Z/2Z). 

The definition of the Stiefel- Whitney class commutes with base change. When 
S is Spec K for a field K and the smooth orthogonal L-sheaf K on S" is defined 
by an orthogonal L-representation p of Gal{K/K), we have sw2{V) = sw2{p) in 
H^{S, Z/2Z) = H'^{Gal{K/K),Z/2Z). 
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The first Stiefel- Whitney class swi(y,b) G H^{S, Z/2Z) of an orthogonal smooth 
L-sheaf on 5 is similarly defined as follows. We may assume S is connected and 
consider the corresponding representation p : iti{S,x) — )■ 0{V). Then, the class 
swi{V,b) is the homomorphism det p : 7ri(S', x) — > {±1} ^ Z/2Z regarded as an 
element of H\S, Z/2Z) = Hom{7ii{S, x), {±1}). 

Let S" be a connected normal scheme over Z[^]. Let / : X — S* be a proper 
smooth morphism of relative even dimension n. Let denote the smoooth Q^-sheaf 
i^'+^/^Q^d) on X. The cup-product defines a non-degenerate (— l)*-symmetric 
bilinear form x — )• R^^f^Q_^{n) — )• by sending (x,?/) to Tr(x U y). We 
define the second Stiefel- Whitney classes by 

(7.0.1) sw^iH'^iX/S)) = sw2{V^), 

<?<0 

as elements in iy^(S', Z/2Z), similarly as in fll.5.2p . 

For an integer g > 0, we consider the character e^: 7ri(S')^'' — )■ {±1} 02.1.11) as 
an element of H^{S, Z/2Z) and let b^t^g be the rank of the smooth Q^-sheaf R^f^^Qi. 

We put e = ^q<;„eg as in Conjecture 12.31 We also put = 2 ~ Q)bet,q- 

q<n 

By the definition (I1.5.2P and Lemma [1.61 1. they are related by the equality 

(7.0.2) sw2{Hl{X/S)) = sw2iH^{X/S)) + {e, -1} + (3 ■ q. 

The first Stiefel- Whitney class swi{H^{X/S)) = swi{H:^{X/ S)) G H\S, Z/2Z) is 
defined as det i?"/*Q£(f ). 

We define the Hasse-Witt class for the de Rham cohomology. Let S" be a divi- 
sorial scheme [lOl Definition 2.2.5] over Z[^] either separated or noetherian and 
let / : X — )■ S* be a proper smooth morphism of relative even dimension n. We 
put 'H'fi^X/S) = Rf\VL\ig. The product ^'xjg ® ^'x/s ~^ ^*x/s trace map 

^"/*^x/5 induce a symmetric isomorphism 7{'^(X/5) DU'^^iX / S)[-2n] 

by Poincare duality. Hence, the Hasse-Witt classes hwiiTi'j^i^X / S)) G H\S,Z/2Z) 
are defined as at the end of Section [6l 

Lemma 7.1. Assume that 'H'^^^{X / S) = R^f^fl'j^^g are locally free for all q & Z and 
we put r = ^^^^(— l)''rank'H^^(X/S'). Then 'H'^j^{X/S) is a symmetric bundle and 
we have 
(7.1.1) 

hw,{H',^{X/S)) 

= hw2{n^Mx/s)) 

ir{dx, -1} + (^{-l, -1} tfn = mod 4, 

\{r + b,R,n - l){dx, -1} + -1} if n = 2 mod A 

0<q<n 
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zn H^{S, Z/2Z) and 

hw^iH:^{X/S)) = hw,{UUX/S)) + - ■ haR,n ■ {-1} 
in H\S, Z/2Z). 

The condition of Lemma 17.11 is satisfied if S is the spectrum of a field or S" is a 
reduced scheme over Q. 

Proof. Similarly as Corollary I2.9[ it follows from Corollary 16.171 and the definition 
of c(J^) in ([631]). □ 

For the relation between sw2{H'{X/ S)) and hw2{H'j^{X / S)) , we state the fol- 
lowing conjecture. 

Conjecture 7.2. Let S be a normal divisorial scheme over either separated 

or noetherian and let f : X ^ S be a proper smooth morphism of relative even 
dimension n. We put 

as in fl2.3.ip and define C2,Q G //^(S", Z/2Z) as in fll.6.ip . 
Then, we have an equality 

(7.2.1) sw2iH;iX/S)) = hw2{H',j,{X/S)) + {2, hw,{H:^{X/ S))} + ■ (q - c^). 

zn H\S, Z/2Z). 

If the condition of Lemma 17.11 is satisfied, the equality (17.2. ip is equivalent to 
(7.2.2) 



SW2{H^{X/S)) + {€,-!} + (3 -c, 

= hw2{m^{x/s)) 

|r{c/x, -1} + Q ^-1,-1} ifn = 0mod4, 

I (r + W - l){dx^ -1} + ^2''''") if ^ = 2 mod 4 

0<q<n 

Thus Conjecture 17.21 is a generalization of Conjecture 12.31 

The following weak evidence on Conjecture 17.21 will be used in the proof of the 
assertion 5 of Theorem 12.51 in the final section. 

Lemma 7.3. Let S be a smooth scheme ot'er Z[i] and f : X ^ S be a proper smooth 
morphism of even relative dimension n. Let i be a prime number. Assume that the 
following condition is satisfied: 
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(P) For every finite unramified extension K ofQi and every morphism /: Spec Ok — >■ 
S, the pull-back X Xs K by the restriction fix'- Spec K S satisfies Con- 
jecture 12.31 

Then, the difference 6 e H^{S[\], Z/2Z) of the both sides of f lTXT]) for X[^] 
S[j] is in the image of the restriction map H'^{S,Z/2Z) — )■ //^(^[j], Z/2Z). 

Proof. Since S is assumed smooth over we have an exact sequence 

H'^{S,Z/2Z) y H\S[\], Z/2Z) H\Sf ^,Z/2Z) 

by local acyclicity of smooth morphism. By a generalization of the Chebotarev 
density theorem [181 Theorem 7], [201 Theorem 9.11], it suffices to show that the 
image of 5 by the composition 

H\S[}],Z/2Z) H\S^^,Z/2Z) ^ H\s,Z/2Z) 

is for every closed point s of Sf^. 

Let K be an unramified extension of with residue field k,{s). Since S is smooth, 
the closed immersion s — )■ is lifted to a morphism /: Spec Ok — ^ S. Then, we 
have a commutative diagram 

H\S[^],Z/2Z) H\Sw^,Z/2Z) 

/Ik 

H^{K, Z/2Z) H\s, Z/2Z). 

By the assumption (P), the pull-back Xk satisfies Conjecture 12.31 By the remark 
preceeding Lemma [7. 3[ it means = and the assertion follows. □ 

If n = 0, Conjecture 17.21 is nothing but the following. 

Theorem 7.4 ([7l Theorem 2.3]). For a finite etale morphism f : X S , we have 

sw2{f.Q) = hw2if,Ox,TTx/six')) + {2,dx}. 

8. Transcendental argument 

In this section, we prove the assertion 4 of Theorem 12. 5[ by a transcendental 
argument. Since it will be reduced to proving Conjecture 17.21 for schemes over C, 
we study them first. 

We introduce some terminology. Let be a connected normal scheme of finite 
type over C and let S^^ denote the associated analytic space. We say a local system 
V of C-vector spaces on S^^ is orthogonal if it is equipped with a non-degenerate 
symmetric bilinear form b : V ^ C An orthogonal local system V corresponds 
to an orthogonal representation : tti{S^'^,x) — )■ OiVxybx) of the fundamental 
group for a geometric point x. The Stiefel- Whitney class sw2(y, b) G H'^{S^^, Z/2Z) 
is defined as the image of the Stiefel- Whitney class sw2{px) ^ -ff^(7ri(S'^'^, x), Z/2Z) 
by the canonical map H^{'Ki{S'''',x),Z/2Z) H^{S'''',Z/2Z). It is independent of 
the choice of base point x. 
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A locally free O^an-module D is called quadratic if it is equipped with a non- 
degenerate symmetric bilinear form h : D ® D ^ Os^^^- For a quadratic locally free 
Csan-module the Hasse-Witt class hw2{D,b) G H^{S''''',Z/2Z) is defined, 

see for example [3 §1]. If D is of rank r, it is the image of the class of D in 
H^iS'''', O(r)^'^) by the boundary map O(r)'^^) ^ H^{S'''',Z/2Z) 

Lemma 8.1. Let S be a normal scheme of finite type overC Let V be an orthogonal 
local system of C-vector spaces on 5"^° and D = V^qOs^^ be the corresponding qua- 
dratic locally free Os^n-module. Then we have sw2{V) = hw2{D) in H'^{S^^,Z/2Z) . 

Proof We may assume S is connected and let 'n'i{S^^,b) be the topological funda- 
mental group defined by a base point b. The isomorphism class of the orthogonal lo- 
cal system V is defined as an element of H\S'''', 0(r, C)) = H\ni{S'''', b), 0(r, C)). 
By the definition of the Stiefel- Whitney class sw2{V) and the functoriality of the 
map from group cohomology to singular cohomology, it is equal to its image by the 
boundary map iJ^(S'^'^, 0{r, C)) — >■ H'^{S^^, Z/2Z) defined by the central extension 

1 > Z/2Z > d(r,C) > 0(r,C) > 1. 

Hence the assertion follows from the commutative diagram 

1 > Z/2Z > 0(r,C) > 0(r,C) > 1 

1 )- Z/2Z y 6(r)^'^ > O(r)^'^ > 1 

of central extensions of sheaves on S^'^. □ 

We prove the main result of this section. 

Proposition 8.2. Let S be a normal scheme of finite type over a noetherian ring 
over an algebraic closure Q o/Q. Let f : X ^ S be a proper smooth morphism of 
relative even dimension n. Then, for every prime number I, we have 

sw2{H^{X/S)) = hw2{H^niX/S)) 

in H^{S, Z/2Z). 

If K is an extension of Q, the remaining terms in ( I2.3.3P are 0. Hence Proposition 
18.21 implies the assertion 4 in Theorem 12.51 

Proof. By a standard argument, we may assume S is of finite type over Q. By 
Lefschetz principle H^{S, Z/2Z) ~ H^{Sc,Z/2Z), it is reduced to the case where S 
is of finite type over C. 

We identify H^{S, Z/2Z) = H'^{S'''\Z/2Z) by the canonical isomorphism. Let V 
be the orthogonal local system R^f^^Q and D be the symmetric bundle f^^Vt'-^^^i^^, 
on X'^^ Then, we have sw2{H'l{X/ S)) = sw2iV) and hw2{H^R{X / S)) = hw2{D). 
Since D = V ®c C^x^^", the assertion follows from Lemma [8. II □ 
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9. Arithmetic argument 

We prove the assertion 5 of Theorem 12.51 by a global arithmetic argument. We 
will apply the following to the moduli space of hypersurfaces. 

Lemma 9.1. Let S be a connected normal noetherian scheme, K be the fraction 
field of S and K be an algebraic closure of K . Let p : P S be a proper smooth 
and geometrically connected scheme over S and U G P be an open subscheme. Let 
m be an integer invertible on S . We assume that the following conditions (l)-(3) 
are satisfied: 

(1) The open subscheme U G P is the complement of a divisor D G P flat over S . 
Let D° G D be the largest open subscheme smooth over S . Then, for every s G S , 
the fiber D° is dense in Dg. 

(2) For every irreducible component C of the geometric generic fiber Dj^, the 
divisor class [C] G Pic(P^) is in the image of the multiplication mx: Pic(P^) 

(3) R^p^flm = 0. 

Let Di, . . . , Dr be the irreducible components of D with the reduced closed sub- 
scheme structures, Fi be the fraction field of Di and Ki be the local field at the generic 
point of Di for 1 < i < r. Then, the compositions H'^{U,fim) H^{Ki, fim) — ^ 
H^{Fi, fim) with the boundary map define an exact sequence 

H\S,fim) y H\U,fiJ y H\Ufi,^im)(B®UH\F„Z/mZ). 

Proof. We consider the commutative diagram 



H^{P,fim) > H\U,^i^) > @l^,H\F,,Z/mZ) 

H\PK,fiJ y H\UK,fiJ. 

We show that the conditions (l)-(3) respectively imply the exactness of the middle 
row, the injectivity of the bottom horizontal arrow and the exactness of the left 
column. The assertion follows from this by diagram chasing. 

We show the exactness of the middle row assuming the condition (1). The union 
V = U U D° is open in P and we regard it as an open subscheme of P. Since D° 
is a smooth divisor of V, we have an exact sequence H^{V,fim) — ^ H'^iU.Hm) -> 
H^{D°,Z/mZ) by relative purity. Since H\D°,Z/mZ) ^'.^^ H^{Fi,Z/mZ) is 
injective, it is sufficient to show that the restriction map H'^{P,^rn) H''(y,fi'm) 
is an isomorphism for q < 2. Let v : V ^ S he the restriction oi p : P ^ S. 
By the assumption (1), the codimension of the complement Ps \ Vg in each fiber 
Ps is at least 2. Hence the map W^vyZ/mZ — >■ W^pJLjmZ is an isomorphism for 
q > 2N — 2 where N is the relative dimension of P over S. By Poincare duality, the 
map R^p^Z/mZ — )• R^v^Z/mZ is an isomorphism for q < 2. Hence the assertion 
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follows by comparing the Leray spectral sequences Hp{S, R^p^iirn) =^ H^^^^P, fj,m) 
and HP{S,Riv,fim) HP+'i{V,fiJ. 

Next we show that the restriction map H'^{Pj^, fim) — ^ H'^iU^, Hm) is injective as- 
suming the condition (2). Let Ci, . . . , Cr' be the irreducible components of Dp^. By 
the same argument as above, we obtain an exact sequence 0^^^^ if°(Cj, Z/mZ) — )• 

H'^{PK,Hm) H^{UK,IJ'm)- By the cxact sequence Pic(Pft-) Pic(Px) H^{Pji,i2m), 
the injectivity is in fact equivalent to the condition (2). 

Finally, the condition (3) implies the exactness of the left column by the Leray 
spectral sequence. Thus the assertion is proved. □ 

Let n > be an integer and > 1 be an integer. Let P = P(r(P^+\ C»(d))^) 
be the moduli space of hypersurfaces of degree d and / : X — P be the universal 
family of hypersurfaces. More explicitly, it is described as follows. Let Tq, . . . , Tn+i G 
r(P^+\ 0(1)) be the homogeneous coordinate of P^+^ The monomials ■ ■ ■ T^X'i 
of degree io + ■ ■ ■ + in+i = d form a basis of r(P^^\ Let for 

^0 + ■ ■ ■ + in+i = d he the dual basis of V{¥''^^ ,0{d)y . They form a basis of 
r(P, C(l)) and X is defined in P^+^ x P by the equation P = where 

17 \ ^ A rpio rpin + 1 

^ — ^io,.--,«n+l-^ ■■■-^n+l 

ioH \-in+i=d 

G r(P^^^ X P, 0{d, 1)) is the universal polynomial. 

Let U G P he the open subscheme where the universal hypersurface f : X ^ P 
is smooth. If Xk C is a smooth hypersurface defined by a polynomial 
Sio+...+i„_^i=d ^jov,in+i^o° ■ ■ '^n+Y of degree d of coefficients in K, it is the pull-back 
of the universal family X — t- P by the map Spec K U defined by the coefficients 

Lemma 9.2. Let A G X be the complement of the largest open subscheme of X 
smooth over P. We regard A as a closed subscheme of X defined by the equations 
g = . . . = = and weputN + l = rank r(P^+\ 0{d)). 

1. The scheme X is a F^-^ -bundle over with respect to the first projection. 
Consequently, it is regular and irreducible. 

2. The scheme A is a ¥^~^'^~^'^'> -bundle over P^"*"^ with respect to the first pro- 
jection. Consequently, it is regular and irreducible. The immersion A X is a 
regular immersion of codimension n + 1 . 

3. Locally on X , the coherent Ox-module f^^/p is isomorphic to the cokernel of 
the map Ox ~^ O^^ defined by a system of generators ai, . . . , Un+i of the ideal 
Xa C Ox. 

Proof. It suffices to consider over the open subscheme D(Ti) G P^"*"^ for each i = 
0,...,n + l. 

1. Since X is defined by the linear form F on the assertion follows. 

2. This is proved in pTf Proposition 2.8] using the fact that the closed scheme 
AGP x,„+i D{T,) is defined byP=g = --- = ^ = ^ = --- = ^ = 

that follows from d ■ F = Tj ■ ^ . 
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3. We define a regular function /j on X Xpn+i D{Ti) hj F = fi ■ Tf and put 
tj = Tj/Ti Then, on X Xpn+i D(Ti), the cokernel of the map Ox defined by 

It^, . . . , , -M^, .... 7)7^. It follows from the proof of 2. that they form a system 
of generators of the ideal Xa C C^. □ 

We regard the image DcPofAcXasa reduced closed subscheme. On the 
scheme D, the following is proved in p/fl Lemma 2. 10, Proposition 2.12)]. The degree 
is computed in [6l n° 5]. 

Lemma 9.3. The scheme D is a divisor of degree {n + 2){d — l)"'^^ flat over Spec Z 
and has geometrically irreducible fibers. The largest open subscheme of D smooth 
over Spec Z has non-empty intersection with every fiber. 

Proposition 9.4. For a prime number i > n + 1, Conjecture 17.21 is true for the 
universal family : ^u[^] ~^ ^[^] of smooth hypersurfaces . 

As Conjecture 17.21 implies Conjecture 12. 3[ Proposition 19.41 implies the assertion 5 
of Theorem 12.51 It also implies the assertion 2 of Theorem 12.51 in the case p = i = 2 
since in this case we have n = 0. 

Proof Let 6 G H^{U[^^],Z/2Z) be the difference of the both sides of f lTXTD . If 
i^2, the difference S lies in the image of H\U[l],Z/2Z) H\U[j^], Z/2Z), by 
Lemma [7.31 and Corollary 14.31 For £ = 2, it is obvious. In order to show that 6 lies 
in the image of H\Z[l],Z/2Z) H\U[j^], Z/2Z), we verify that [/[|] C P[|] ^ 
Spec Z[|] and m = 2 satisfy the conditions (l)-(3) of Lemma [9TT1 

Let ^ denote the generic point of the irreducible closed divisor D G P. The 
conditions (1) and (2) follow from Lemma [9.31 Since P[|] is a projective space over 
Spec Z[i], the condition (3) is also satisfied. Thus, by Lemma l9rT| the sequence 
(9.4.1) 

if^(Spec Z[i], Z/2Z) ^ H\U[^], Z/2Z) ^ H\Uq, Z/2Z) © H\k{^), Z/2Z) 
is exact. 

Let K be the completion of the fraction field of the discrete valuation ring Op,^. 
Then, since X is regular, the base change of X — )■ P to the valuation ring Ok is also 
regular. Further its closed fiber has at most an ordinary double point as singularity 
by |12[ Proposition 3.2] (cf. Proof of Theorem 3.5]). Hence by Corollary 13. 9[ the 
image of 5 in H^{K{Cj,Z/2Z) is 0. By Proposition |01 its image in H^{Uq,Z/2Z) 
is also 0. Thus, by the exact sequence f l9.4.ip . it is in the image of if^(Z[|], Z/2Z). 

Let X G f/(M) be the point corresponding to the Fermat hypersurface. By Propo- 
sition [521 we also have x*6 = in i7^(M, Z/2Z). Since the composite map 

i/2(z[l],Z/2Z) > H^{U[j^],Z/2Z) H^(R,Z/2Z) 

is an isomorphism, we have 6 = 0. □ 
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